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Abstract

In this thesis, we study the uniform asymptotic behavior of the Meixner
polynomials and some g-orthogonal polynomials as the polynomial degree n tends
to infinity.

Using the steepest descent method of Deift-Zhou, we derive uniform asymp-
totic formulas for the Meixner polynomials. These include an asymptotic formula
in a neighborhood of the origin, a result which as far as we are aware has not
yet been obtained previously. This particular formula involves a special function,
which is the uniformly bounded solution to a scalar Riemann-Hilbert problem,
and which is asymptotically (as n — o0) equal to the constant “1” except at
the origin. Numerical computation by using our formulas, and comparison with
earlier results, are also given.

With some modifications of Laplace’s approximation, we obtain uniform
asymptotic formulas for the Stieltjes-Wigert polynomial, the ¢~ !-Hermite poly-
nomial and the ¢-Laguerre polynomial. In these formulas, the ¢g-Airy polynomial,
defined by truncating the ¢-Airy function, plays a significant role. While the
standard Airy function, used frequently in the uniform asymptotic formulas for
classical orthogonal polynomials, behaves like the exponential function on one
side and the trigonometric functions on the other side of an extreme zero, the
g-Airy polynomial behaves like the ¢-Airy function on one side and the ¢-Theta
function on the other side. The last two special functions are involved in the
local asymptotic formulas of the g-orthogonal polynomials. It seems therefore
reasonable to expect that the ¢g-Airy polynomial will play an important role in

the asymptotic theory of the g-orthogonal polynomials.



Acknowledgment

I would like to express my deepest gratitude to my two supervisors, Professor
Roderick Wong and Professor Ti-Jun Xiao, for their patient guidance, constant
support and much encouragement. During my graduate studies, I have had the
good fortune to learn from them how beautiful mathematics is. Their boundless
enthusiasm and deep insight on research will always influence me greatly.

[ am also very grateful to Professor Dan Dai, Professor Jin Liang, Professor
Chun-Hua Ou, Professor Wei-Yuan Qiu, Professor Jun Wang, Professor Zhen
Wang, Professor Ming-Wei Xu, Professor Yi Zhao and Professor Yu-Qiu Zhao.
Valuable discussions with them contribute a lot to this thesis.

Last but not least, I would like to thank my family for their generous love

and unconditional support throughout my life. To them this thesis is dedicated.

11



Contents

1 Introduction 1
1.1 The Meixner polynomials and some g-orthogonal polynomials . . 1
1.2 Method of asymptotic analysis for the Meixner polynomials . . . . 4
1.3 Method of asymptotic analysis for some g-orthogonal polynomials 5

2 Asymptotics of the Meixner Polynomials 9
2.1 The basic interpolation problem . . . . . . ... .. ... ... .. 9
2.2 The equivalent Riemann-Hilbert problem . . . . . . ... .. ... 12
2.3 The nonlinear steepest-descent method . . . . . . . ... .. ... 38
2.4  Uniform asymptotic formulas for the Meixner polynomials . . . . 58

3 Asymptotics of Some ¢-Orthogonal Polynomials 71
3.1 Discrete analogues of Laplace’s approximation . . . . . ... ... 71
3.2 The ¢-Airy function and the g-Airy polynomial . . . . ... ... 75
3.3  Uniform asymptotic formulas for some g-orthogonal polynomials . 81

4 Appendix 90
4.1 Explicit formulas of some integrals . . . . . ... ... ... ... 90
4.2 The equilibrium measure of the Meixner polynomials . . . . . .. 96
4.3 The function D(z) . . . . .. ... 99
4.4 The parameter § of the Meixner polynomials . . . . . . . . . . .. 101
4.5 The asymptotic formulas for the Meixner polynomials . . . . . . . 104
4.6 The asymptotic formulas for some g-orthogonal polynomials . . . 109

Bibliography 115

11



List of Figures

2.1
2.2
2.3
24
2.5
2.6
2.7
2.8

The transformation () — R and the contour Xg. . . . . . . . . .. 16
The jump conditions of S(z) on the contour ¥g. . . . . . . . . .. 36
The region 27 and the contour Xp. . . . . .. .. .. ... ... 38
The transformation S — 7. . . . . .. ... ... ... ... ... 39
The jump conditions of T'(2). . . . . . . .. ... ... ... ... 41
The Airy parametrix and its jump conditions. . . . . . . . . . .. 51
The contour Y. . . . . . . . 55
Regions of asymptotic approximations. . . . . . .. .. ... ... 61

v



Chapter 1

Introduction

1.1 The Meixner polynomials and some

g-orthogonal polynomials

In this thesis, we investigate the asymptotic behavior of the Meixner polyno-
mials and some g-orthogonal polynomials. These polynomials have many applica-
tions in statistical physics. For instance, the Meixner polynomials are related to
the study of the shape fluctuations in a certain two dimensional random growth
model; see [18] and references therein. Furthermore, it has been shown in [4]
that the Stieltjes-Wigert polynomials, one typical example of the g-orthogonal
polynomials, are of significance in the study of non-intersecting random walks.

For B > 0 and 0 < ¢ < 1, the Meixner polynomials are explicitly given

by [19, (1.9.1)]
1 " (=n)p(—2) "

k=0

—n,—2

g

They satisfy the discrete orthogonality condition [19, (1.9.2)]

My(z;B,¢) = 2 F1 (

—n

= (B _ ' B ¢ "n!
; ] My, (k; B, ¢) M (ks B, ¢) = m5mny (1.2)
and the recurrence relation [19, (1.9.3)]
ZMn(Za 57 C) = (nc%ﬂﬁcMnJrl(z; 67 C) - n_._c(i——gﬂ)cMn(Zv 57 C)
(e 13)

Not much is known about the asymptotic behavior of the Meixner polyno-

mials for large values of n. Using probabilistic arguments, Maejima and Van
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Assche [21] have given an asymptotic formula for M,(na;3,¢) when a < 0
and [ is a positive integer. Their result is in terms of elementary functions.
In [16], Jin and Wong have used the steepest-descent method for integrals to
derive two infinite asymptotic expansions for M, (naq; 3, ¢). One holds uniformly
for 0 < e < a <1+ ¢, and the other holds uniformly for 1 —e < a < M < o0;
both expansions involve the parabolic cylinder function and its derivative.

In view of Gauss’s contiguous relations for hypergeometric functions ( [1,
Section 15.2]), we may restrict our study to the case 1 < § < 2. Fixing any
0 <ec<land 1l < f < 2, we intend to investigate the large-n behavior of
M,(nz — (3/2;3,¢) for z in the whole complex plane. Our approach is based on
the nonlinear steepest-descent method for oscillatory Riemann-Hilbert problems,
first introduced by Deift and Zhou [8] for nonlinear partial differential equations,
and later developed in [7] and [2, 3] for orthogonal polynomials with respect to
exponential weights or a general class of discrete weights. As in [2,3], our formulas
are given in several different regions. One may decompose the complex plane
into less regions and obtain some global asymptotic results as in [6]. But, here
we are only able to find uniform asymptotic formulas in several local regions; see
Theorem 2.21 below.

To study the g-orthogonal polynomials we shall introduce some notations.

For ¢ € (0, 1), define
(a;q)o =1, H 1 —ag"” n=12"---; (1.4)

this definition remains valid when n is infinite; see [12, p. 7]. In terms of these
notations, the ¢~!-Hermite polynomials h,(z|q) with z = sinh&, the Stieltjes-
Wigert polynomials S, (z; ¢), and the g-Laguerre polynomials L%(z; q) are defined
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by
n n—k+1. )
hy(sinh &|q) := W Kk 1)k
n qk2 i
Sn 27 = —Z ,
=0 ,; (q;Q)k(q;Q)n—k( )
LS (z;q) == ~ (@S a2 pan
— (@ )1 Dnr
see [13].

(1.5)

(1.6)

(1.7)

Unlike ordinary orthogonal polynomials, the g-orthogonal polynomials do

not satisfy any second-order ordinary differential equation or have any integral

representation. Therefore the powerful tools, such as the WKB method for dif-

ferential equations and the steepest-descent method for integrals, are not appli-

cable. Recently, Ismail and Zhang [15] intoduce a logarithmic scaling, namely

z =sinh§ := (¢7"u

—¢™u™")/2 with ¢t > 0 and u # 0, and derive three different

asymptotic formulas for the ¢~ !-Hermite polynomials with respect to following

three cases:
1) t>1/2;
2) 0<t<1/2andt e Q
3) 0<t<1/2andt ¢ Q.

Their formulas involve the ¢-Airy function [14, (2.9)]

4= Loy

= (g )

and the ¢-Theta function [27, p. 463]

Oy(z) == Z ¢

k=—00

(1.9)

Similar results are also obtained for the Stieltjes-Wigert polynomials and the

g-Laguerre polynomials.
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Note that their formula in the second case when ¢ is rational is different
from that in the third case when t is irrational. One may be curious to know
if there exists a uniform asymptotic formula for all rational and irrational ¢t €
[0,1/2). Also, one would like to ask if it is possible to find a uniform asymptotic
formula when ¢ is in a neighborhood of 1/2. With the aid of discrete Laplace’s
approximation (cf. [26]), we are able to answer these two questions. By the same
scaling as mentioned before, we derive two uniform asymptotic formulas for the

g~ '-Hermite polynomials with respect to following two cases:
1) 0<t<1/2
2) t>1/2—§ where 6 > 0 is a fixed small number.

It turns out that, in stead of the g-Airy function given in (1.8), our formulas

involve the polynomial

Agn(2) = T (), (1.10)

k=

o
—~
=
)
~—
ko

Since this is simply the n-th partial sum of the g-Airy function, we call it the ¢-
Airy polynomial. Note that the chaotic behavior mentioned in [15] does not exist
in our formulas since we have a unified asymptotic formula for all 0 < ¢ < 1/2,
whether ¢ is rational or not. Similar improvements are also given to the results
obtained by Ismail and Zhang for the Stieltjes-Wigert polynomials and the g¢-
Laguerre polynomials. Here, we would like to mention that our method is most

likely also applicable for other types of g-orthogonal polynomials.

1.2 Method of asymptotic analysis for the

Meixner polynomials

In this section we give an outline of the procedure in asymptotic analysis
for the Meixner polynomials. First, we use the orthogonality property (1.2) to

relate the Meixner polynomials with a 2 x 2 matrix-valued function which is the
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unique solution to an interpolation problem. Our problem subsequently becomes
studying the asymptotic behavior of this matrix-valued function. Second, we
construct an equivalent Riemann-Hilbert problem, the solution of which can be
written explicitly based on the solution to the basic interpolation problem. This
is an invertible transformation and thus we only need to investigate the equiv-
alent Riemann-Hilbert problem. With the aid of the equilibrium measure, we
transform the Riemann-Hilbert problem into another oscillatory one. Finally,
the Deift-Zhou steepest-descent method for oscillatory Riemann-Hilbert problem
is applied and what remains is a study of a global Riemann-Hilbert problem which
can be divided into several locally solvable problems. It should be noted that the
solutions to these local problems are not unique. We must choose suitable solu-
tions that are asymptotically equal to each other in the overlapped region. By
piecing these solutions together, we build a function that is defined in the whole
complex plane. This matrix-valued function is proved to be an approximate
solution to the global Riemann-Hilbert problem. By tracing along the transfor-
mations back to the original interpolation problem, we obtain the asymptotic

formulas for the Meixner polynomials.

1.3 Method of asymptotic analysis for some g¢-

orthogonal polynomials

In this section we use a simple example to illustrate the idea of discrete
Laplace’s approximation, which will be used in asymptotic analysis for some
g-orthogonal polynomials. Let ¢(x) and h(x) be two real-valued continuous func-
tions defined in the finite interval @ < 2 < . Assume that h(z) has a single
minimum in the interval, namely at © = «a, and that the infimum of h(z) in any
closed sub-interval not containing « is greater than h(«). Furthermore, assume

that h”(x) is continuous, h'(a) = 0 and h”(«) > 0. Then, Laplace’s approxima-



Chapter 1. Introduction 6

tion states that the integral

B
I()\):/ o(x)e M@ dg (1.11)
has the asymptotic formula
N ey [T |*
I(\) ~ ¢(a)e {%\h”(a)] (1.12)

as A — +o00; see [5, p.39] or [28, p.57].
Now, put A = n? and make the change of variable z = o + (3 — «)t so that
the integral in (1.11) becomes

1(n?) = (8 — a)p(a)e " / f(tye 90y, (1.13)

where f(t) := ¢(z)/d(a) and g(t) := h(z) — h(a). If we set q := e}, k := nt,
fa(k) == L1f(£) and g,(k) := n*g(£), then the integral in (1.13) can be written
as

1 n
| e o= [ g ©an
0 0

A discrete form of the last integral is the finite sum

Li(1lg) ==Y fu(k)g®, (1.14)

where f,(k) and g, (k) are two functions defined on nonnegative integers N and
q € (0,1). We intend to investigate the behavior of the sum I,,(1|q) as n — oo.
As we shall see, its asymptotic behavior is given in terms of the ¢-Theta function

(1.9)
0,(z) == Z g~ ", 0<q<l.

k=—o00

Note that ©4(1) is a continuous function of ¢ € (0,1), since the infinite sum

S . ¢" converges uniformly for ¢ in any compact subset of (0, 1),

Theorem 1.1. Assume that the following conditions hold:

(1) fn(0) =1, gn(0) = 0;
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(ii) there exists a constant M > 0 such that |f, (k)| < M for 0 <k <n;

(111) for any § € (0,1) there exist a constant As > 0 and a positive integer N (J)
such that g,(k) > Asn? for allné <k <n and n > N(§);

(iv) for some fized co > 0 and for any small € > 0, there exist () > 0 and
N(e) € N such that |f.(k) — 1| < & and |g.(k) — cok?| < ek?, whenever
0<k<nd(e) and n > N(e).

Then, we have
I,(1]q) := an(k)qgn(k) ~ —[04(1) + 1] as n— oo, (1.15)

where q := ¢.

Proof. For any small ¢ > 0, we choose § := d(¢) and N(g) as in (iv). Split the
sum I,,(1]q) into two so that I,,(1|q) = IT + I, where

[nd]

I = Zf gn(k
and

= Y flkgn®

k=|nd]+1
Simple estimation gives
[nd]
I} <> (1+e)g" @
k=0
and
[nd]

2
I* > Z k co+5

from which we obtain

1-— S 1
S 0re(1) +1] < lim IF < Tm I} < %[@qw(n +1].

2 n—00 n—00

By conditions (ii) and (iii), we also have

n
< Y Mg™h < Mg,
k=[ndé|+1
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Thus, lim /5 =0 and

n—oo

1-— S 1
210,00+ (1) + 1] < lim L,(1)q) < Tm Lu(1)q) < — =

. Jim B0 (1) + 1.

Since € is arbitrary, the desired result (1.15) follows.



Chapter 2

Asymptotics of the Meixner Poly-

nomials

2.1 The basic interpolation problem

From (1.1), the monic Meixner polynomials are given by
1 -n
m(2) = (B)n(1 — E) M, (z; 5, c). (2.1)

On account of (1.3), we obtain the recurrence relation

nin+ 0 —1)c

wﬂ'n(2> + Wﬂ-n_l(z). (22)

27 (2) = mapa(2) + T

The orthogonality property of m,(z) can be derived from (1.2), and we have

Z Wm(k)WN(k)w(k) = mn/%%v (2'3)
where
2 (1— C)2n+6c_n
" = T+ BT+ 1) (24)
and
_TE+p) .,
w(z) = N 1)0 : (2.5)

Let P(z) be the 2 x 2 matrix defined by

oo T, (k)w(k)

Tn(2)

= <—k
P(z) == (2.6)
00 2_171'”,1 k)w k
(s 5 2mme O

k=0
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For consistency, we shall use capital letters to denote matrix-valued functions that
depend on the large parameter n. Therefore, all the matrices P, @, R, S,T, M and
K depend on both z and n. The following proposition states that P(z) is the
unique solution to an interpolation problem, which is the discrete analogue of
the Riemann-Hilbert problem corresponding to the orthogonal polynomials with

continuous weights; see [10,11].

Proposition 2.1. The matriz-valued function P(z) defined in (2.6) is the unique

solution to the following interpolation problem:
(P1) P(z) is analytic in C\ N;

(P2) at each z = k € N, the first column of P(z) is analytic and the second

column of P(z) has a simple pole with residue

0 w(z) 0 w(k)Pi(k)
Res P(z) = lim P(z) = ; (2.7)
z=k z—k 0 0 0 U)(]C)Pgl(k')
2" 0
(P3) for z bounded away from N, P(z) =T+ 0(]2|™") as z — .
0 ="

Proof. Since w(k) decays exponentially to zero as k — +o00, the summations in
the second column of P(z) in (2.6) are uniformly convergent for z in any compact
subset of C\ N. Therefore, (P1) is obvious.

For each k € N, we have from (2.6)

Res Pia(2) = ma(k)w(k) = Pu(k)w(k),
and
Res Pay(2) = v _ymna(R)w(k) = Por (k)w(k).

Thus, (P2) follows.
To prove (P3) we only need to show that Pjs(2)z" = O(|z|™!) and Pay(2)2" =

1+ O(]z|™") as 2z — oo and for z bounded away from N. Using the following
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expansion
1 nol g 1 k™
- Z 1T e ’
z—k =ttt =k
we have

I
—

n

. A 1 > k'm,(k)w(k
Pia(z)2" = 2l Z k', (k)w(k) + _Z %/Z()

o
z
k=0 k=0

Il
=)

i

The orthogonality property (2.3) implies that > kim,(k)w(k) = 0 for any i =
k=0
0,1,--- ,n — 1. Thus, we obtain

1 > k"m,(k)w(k)
z 1—k/z

k=0

Pa(2)2" =

Since z is bounded away from N, it is easily seen that the last sum is uniformly
bounded. Hence, we have Pj5(2)z" = O(]z]7!) as 2 — oo. On the other hand,

we also have

el < 122 yo ko (k)w(k)
Pyy(2)2" = Z z"_z_lvi_l Z k'm,_q(k)w(k) + ;Z e
k=0

=0

Again, using the orthogonality property (2.3), we obtain i kK, 1 (k)w(k) =
Oim—1/72_y for any i = 0,1,--- ,n — 1. Thus, it is readily slzez(r)l that Pao(z)z" =
14+ O(]z|™!) as 2 — oo and for z bounded away from N. This ends our proof of
(P3).

The uniqueness of the solution follows from Liouville’s theorem. Indeed,
condition (2.7) implies that the residue of det P(z) at k € N is zero. Thus, the
determinant function det P(z) can be analytically continued to an entire function.
Condition (P3), together with Liouville’s theorem, implies that det P(z) = 1.
Therefore, P(z) is invertible in C \ N. Let P(z) be a second solution to the
interpolation problem (P1)-(P3). It is easily seen that the residue of P(z)]g_l(z)
at k € Nis zero. Hence, P(z)P~!(z) can be extended to an entire function. Again,

using condition (P3), we obtain from Liouville’s theorem that P(z)P~%(z) = I.
This establishes the uniqueness. O
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2.2 The equivalent Riemann-Hilbert problem

In this section we first introduce two transformations P — @) and Q — R.
It will be shown that the matrix-valued function R(z) is the unique solution
to a Riemann-Hilbert problem. At the end of this section we make the third
transformation R — S with the aid of the equilibrium measure.

The first transformation P — () involves the following rescaling:

n " 0
U(z) :=n"""P(nz — 3/2) = P(nz — [3/2). (2.8)
0 n"
1 0
Here, o3 := is a Pauli matrix. In this chapter, we will also make use
-1
0 1
of another Pauli matrix oy := Lo ; see (2.117). Let X denote the set defined
by
k 2
X = [X:}2,,  where X — FEO/2 (2.9)
n

The Xy’s are called nodes. Our first transformation is given by

Q=06 [Te- )| =noptoz =572 [T X))
n" 0 nﬁl(z — X))t 0
= . P(nz — (3/2) =0 1l , (2.10)
0 n 0 I1(= - X;)

and the interpolation problem corresponding to Q(z) is given below.

Proposition 2.2. The matriz-valued function Q(z) defined in (2.10) is the unique

solution to the following interpolation problem:

(Q1) Q(2) is analytic in C\ X;
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(Q2) at each node Xy, with k € N and k > n, the first column of Q(z) is analytic
and the second column of Q(z) has a simple pole with residue

0 winz—0/2) T (=~ X,
Res Q(2) = lim Q(z) J=0 ;o (2.11)

z2=Xp z— X
0 0
at each node Xy with k € N and k < n, the second column of Q(z) is
analytic and the first column of Q(z) has a simple pole with residue

0 0

Res Q(2) = lim Q(2) ! - L (212)
ST wwmg X

(Q3) for z bounded away from X, Q(z) =1+ O(|z|™!) as z — oc.

Proof. On account of (2.10), (Q1) and (Q3) follow from (P1) and (P3), respec-
tively.
Also from (2.10), we have

n—1

Qu(z) =n" Pll(nz—ﬁ/Q) (z—X;)"

<.
Il
o

and

n—1
Q12(z) =n""Pia(nz — 3/2) H
7=0

At each node z = X}, with k € Nand k > n, it is easily seen from (P2) that Q11(z)

is analytic and Q12(z) has a simple pole, where the residue can be calculated as

follows:

n—1

Res Q2(z)=n"" Res Pia(nz — (3/2) H(Xk - Xj)
Xk =Rk =0

n—1

=n""w(nXy — /2)P1(nXy — (/2) H(Xk - Xj)

j=0

n—1

= Qll(Xk>w(nXk - 6/2> H(Xk - Xj)2'

=0
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Similarly, one can show from (P2) and (2.10) that Q91(2) is analytic and Q22(2)

has a simple pole at X, k& > n, with residue

Res Qual2) = Qu(XewlnXe - 5/2) [[ %0 - X,
7=0

This proves the first half of (Q2).
Now, we compute the singularities of ()(z) at the nodes X} with & € N and
k < n. First, it is easily seen from (P2) and (2.10) that Q12(z) can be analytically

continued to the node z = X}, and

i
L

lim ng(Z) = l_lg(l 771771P12(7/l2*' - 6/2) (Z - XJ)

z— X

7=0
n—1
=n" Zfi%sk Pis(nz — 3/2) H(Xk — Xj)
gt
n—1
=n""w(nXy — B/2)Pui(nXy — /2) | [(Xi — X;).
=0
J#k

Furthermore, since P;(nz — (3/2) is analytic at z = Xj by (P2), the function

(11(z) has a simple pole at z = X}, and from the last equation we obtain

n—1
E‘}a Qu(z) =n""Pu(nXy — §/2) H(Xk - X;)™
T
n—1
= Qu2(Xp)w(nX;, — /2)7! H(Xk - X;)2
=0
J#k

Similarly, we see from (P2) and (2.10) that Q22(z) is analytic and Q9(z) has a

simple pole with residue
n—1
Res Qui(z) =n~"Py(nXy — 8/2) [ [ (X0 — X))
z=Xp 0
j_
J#k
n—1

= Qo (Xp)w(nX; — 3/2)7" H(Xk - X;)2

=0
ik
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This proves the second half of (Q2).
As in the proof of Proposition 2.1, the uniqueness again follows from Liou-

ville’s theorem. O

The purpose of the second transformation () — R is to remove the poles in
the interpolation problem for Q(z). For any fixed 0 < ¢ < 1 and 1 < 8 < 2,
let 69 > 0 be a small number that will be determined in Remark 2.9. Fix any

0 < 6 < dp, and define (cf. Figure 2.1)

1 0
R(z) = Q(2) " (2.13a)
as;” 1
for Rez € (0,1) and Im z € (0,+6), and
1 ag)
R(z) = Q(2) (2.13b)
0 1
for Rez € (0,1) and Im z € (0,46), and
R(z) = Q(2) (2.13¢)
for Rez ¢ [0,00) or Im z ¢ [—0, §], where
n—1
nrw(nz — 6/2) 1 (= — X,
() ._ _ 7=0
N2 = 7 Fin(ne=B/2) sin(nrz — Br/2)’ (2.14)
and
et (==8/2) sin(nnz — pr/2)
alt) = - — . (2.15)
nrw(nz — 5/2) 1 (= — X,
=0

Lemma 2.3. For each k € N, the singularity of R(z) at the node X} = k+T’g/2 is
removable, that is, Rg{s R(z) = 0.
z=X,
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Q)
id > >
A Q(2) (ag? ?) A Q(2) (é a?)
Qe o = 1 =
Looaa(s ) 1 ae(h )
—id - -
Q)

Figure 2.1 The transformation  — R and the contour ¥.

Proof. For any k € N with k > n, we have X = HTM > 1 since 1 < 8 < 2. For

any complex z with Re z € (1,00) and Im z € (0,40), we obtain from (2.13) that
Ri1(2) = Qu(z) and

Ris(2) = Qua(2) + Qui(2)aly . (2.16)

The analyticity of the function Q11(z) at the node X} is clear from (Q2) in Propo-
sition 2.2. Hence, the function Ryi(2) is analytic. To show that the singularity
of the function Rj2(z) at the node X} is removable, we first note from (Q2) that

z=X}

Res ng( ) Qll(Xk) nXk — ﬁ/2 f[ . (217)

Furthermore, it follows from (2.14) that

n—1

Res afy = —w(nX; — 5/2) [[ (X — X;)% (2.18)
=0

Applying (2.17) and (2.18) to (2.16) yields ij{g(i Rip(2) = 0. Similarly, we can
prove that the functions Ry (z) and Ras(z) are analytic at the node Xj.

Now, we consider the case £ € N with £ < n. Since 1 < 3 < 2, we have
Xk = k+ﬂ/2 < 1. For any z with Rez € (0,1) and Im z € (0, £4), we obtain from
(2.13) that Ria2(z) = Q12(2) and

RH(Z) = QH(Z) + Qu(Z)CLSZ). (219)
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From (Q2) in Proposition 2.2 we see that the function Q12(2), and hence the

function Rjs(z), is analytic at the node Xj. Moreover, we have

1 n—1
= X Xe — X)) 72 2.2
zli(;{inl(Z> Qm( k)w(nXk—ﬁ/Q)jHO( k J) ( 0)
Jj#k
Since
() BRI
R + _ X —X —2
Bk~ e L)
Gk

by (2.15), we obtain from (2.19) and (2.20) that Rg}(s R11(z) = 0. The analyticity
z=Xg
of the second row in R(z) at the node X can be verified similarly. This ends our

proof. O

From the definition of R(z) in (2.13) and the analyticity condition (Q1) of
Q(z) in Proposition 2.2, it is easily seen that R(z) is analytic in C \ Xg, where
YR is the oriented contour shown in Figure 2.1. Denote by R, (z) the limiting
value taken by R(z) on X from the left and by R_(z) taken from the right. We
intend to calculate the jump matrix Jg(z2) := R_(2)"' R, (2) on the contour Xg.

For convenience, we introduce the two functions
v(z) == —zlogc (2.21)

and

(o) 2inml(nz + 3/2)c P/
~ T(nz+1-3/2)

Consequently, the functions a3, and a3; defined in (2.14) and (2.15) become

W(z) := 2intw(nz — 3/2)e™ (2.22)

n—1
W(z)e ™ T (= - X;)
(£) J=0

= — . 2.23
2 2isin(nrz — O /2)eFin(na=5/2) (223)

and

2isin(nrz — B /2)et(==5/2)
as’ = - : (2.24)

n—1
W(z)eo T (= = X)?
j=0
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It is easily seen from (2.23) and (2.24) that

a%) . a(;f) = eF2in(nz=6/2) (2.25)
and
ayy) —ay = 4Sin2<mi__1 . (226)
W(z)emm @ 11 (= = ;)2
and ]n—l
ag) — agg) = —W(z)e ™ H(Z - X;)%. (2.27)
=0

The jump conditions of R(z) is given below.

Proposition 2.4. On the contour Xg, the jump matriz Jp(z) := R_(z) 'R, (2)

has the following explicit expressions. For z =1+ ¢Im z with Im z € (0, £9), we

have
1 — eiQiﬂ(nzfﬁ/Q) _ag:)
Jr(z) = ) (2.28)
agjf) 1

On the positive real line, we have
Jr(z) = (2.29a)

forz € (0,1), and

Jr(z) = (2.29D)
0 1
for x € (1,00). Furthermore, we have
1 0
Tr(z) = o (2.30a)
21
for z € (0, £id) U (£id,1 £ 49), and
1 —a%)
Jr(z) = (2.30Db)
0 1

for z=Rez+id with Rez € (1,00).
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Proof. For z =1+ iIm z with Im z € (0, ), we obtain from (2.13) that

1 0
R+(2) = Q(Z) ’
agf) 1
and
1 ag)
R_(z) = Q(2)
0 1
Thus, we have from (2.25)
1 — ag) 1 0 1 — e2in(nz—p5/2) _a§-5>
JR(’Z) = =
0 1 aé—f) 1 agf) 1

Similarly, for z = 1+¢Im z with Im z € (—6,0), we obtain from (2.13) and (2.25)

that
1 _agg) 1 0 1— e—?iﬂ(nz—ﬁ/2) —CL(;)
JR(Z) = =
0 1 aly) 1 &) 1

Hence, formula (2.28) is proved.

For any « > 0 with « ¢ X, we obtain from (2.13) and (2.22) that

1 0
Ri(fﬂ) = Q( )
agjf) 1
for x € (0,1), and
1 ag)
Ri(z) = Q(x)
0 1

for x € (1,00). A simple calculation gives (2.29). Since R(z) has no singularity
at X (Lemma 2.3), formula (2.29) remains valid when z € X.

Finally, (2.30) is clear from (2.13). This completes our proof. O

Proposition 2.5. The matriz-valued function R(z) defined in (2.13) is the unique

solution to the following Riemann-Hilbert problem:
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(R1) R(z) is analytic in C\ Xg;

(R2) for z € Xg, Ry(2) = R_(2)Jg(2), where the jump matriz Jg(z) is given in
Proposition 2.4;

(R3) for z € C\ Xg, R(z) =1+ O(|z|™}) as z — oc.

Proof. Condition (R1) follows from the analyticity condition (Q1) in Proposition
2.2 and the definition of R(z) in (2.13). Proposition 2.4 gives (R2). Furthermore,
the normalization condition (Q3) in Proposition 2.2 yields (R3). The uniqueness

of solution is again a direct consequence of Liouville’s theorem. O]

For the preparation of the third transformation R — S, we investigate the
equilibrium measure corresponding to the Meixner polynomials. In the existing
literature, the equilibrium measure is usually obtained by solving a minimization
problem of a certain quadratic functional (cf. [2,3,6,7]). Here, we prefer to use
the method introduced by Kuijlaars and Van Assche [20].

Consider the monic polynomials g, y(z) :== N "1, (Nz—(3/2), where N € N.
From (2.2), we have

(n+3/2)(1+c) (2) n(n+ 6 —1)c
N1—¢) ¥ N2(1—c)2

TGn N () = @ui1n(x) + qn,n ().

The coefficients % and % correspond to the recurrence coefficients

bp,n and @, in [20, (1.6)]. Suppose n/N — t > 0 as n — oo. It can be shown

that

t.

(nt+6/2)(1+c) 1te, \/n(n—i—ﬁ—l)c_) NZ:
N(1-¢) 1—c’ N2(1 — ¢)? l—c

Define two constants

S

1 —
::—\/E and b= i ,
1+ /¢ 1—/c

and note that ab = 1. The functions «(t) and (3(t) in [20, (1.8)] are equal to

a (2.31)

at and bt respectively. Therefore, from Theorem 1.4 in [20], the asymptotic zero
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distribution of g, y(z) with n/N — ¢t > 0 is given by

1 t
pe(x) = — / Wias,ps) () ds,
t Jo
where
dw[as,bs] ($) _ 1
dx 7/ (bs — z)(z — as)
for x € (as,bs), and dﬂ%‘f’]@) = 0 elsewhere; see [20, (1.4)]. Thus, the density

function of () is

dx 7t

dpy(z) i " ds
/a:c V (bs — z)(x — as)

for z € [0, at], and

dpi () _ i ' ds
dx Tt Jaz \/(bs — x)(x — as)

for x € [at,bt]. We only need to consider the special case N = n. Therefore,

when ¢t = 1, the density function becomes

1, 0 <z <a,
dps ()
pLe) dx 1 z(b+a)—2 (2:32)
—arccos ———, a<x<b,
T z(b—a)

where we have used the equality

1 ds z(b+a)—2
= arccos ——————,

ac \/(bs — z)(x — as) z(b—a)

see (4.1) in Appendix. The equilibrium measure for our problem is du;(x) =
p(z)dz. Note that the constants a and b defined in (2.31) are the same as the
constants ar_ and «a in [16, (2.6)]. They are called the Mhaskar-Rakhmanov-Saff

numbers or the turning points. We now define the so-called g — function.

g(z) = /0 log(z — z)p(x)dx (2.33)
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for z € C\ (—o00,b]. On account of (2.31) and (2.32), the derivative of g(z) can

be calculated as shown below (cf. (4.23) in Appendix).

Je= [ s

Z—XT

z(b+a)—2+2\/(z—a)(z—b)+ —logec

z(b—a) 2

=—log (2.34)

Proposition 2.6. The function ¢'(z) given in (2.34) is the unique solution to

the following scalar Riemann-Hilbert problem:
(91) ¢'(2) is analytic in C\ [0,0];
(92) denoting the limiting value taken by ¢'(z) on the real line from the upper

half plane by ¢’ (x) and that taken from the lower half plane by g’ (x), the

function ¢'(z) satisfies the jump conditions:

g (z) — ¢ (z) = —2mi, 0<z<a, (2.35)

¢, (z) + ¢ (z) = —loge, a<x<b (2.36)

1
(93) §'(z) = -+ O(]z[7%), as z — oc.

Proof. The analyticity condition (gl) is trivial by (2.34). The normalization

condition (g3) follows from the fact

[ s =1

see (4.22) in Appendix. For 0 < = < a, we obtain from (2.34) that

/ —z(b+a)+2+2\/(a—x)b—1z) —logec
gy (z) = —log 20— Fim+ —

Therefore, the relation (2.35) follows. For a < x < b, we obtain from (2.34) that

z(b+a)—2+2i\/(x—a)(b—xz) —logc
z(b—a) T

gi(r) = —log

Therefore, the relation (2.36) follows. Finally, the uniqueness is again guaranteed

by Liouville’s theorem. O]
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Remark 2.7. From (2.32) we observe that the equilibrium measure of the Meixner
polynomials corresponds to the saturated-band-void configuration defined in [3];
see also [6]. We point out that the equilibrium measure p(x)dx can be solved in a

different way, that is, regard p(x)dx as the measure which satisfies the constraint
0<p(z)<l1
on the interval [0, 00), and minimizes the quadratic functional

/ / log |m_y| )p(y)dmdy+/ooov(x>p(w)dw,

where v(x) is defined in (2.21); see [9,24]. Following the procedure in [3, Section
B.3], we first show that the Mhaskar-Rakhmanov-Saff numbers a and b are the

solutions to the following equations

/b\/:c—vlc(tx)b x)dx_/oa \/(a—ij;(b—x)dxza
“ 2w
/ \/x—a (z) )dx—/o \/(a—ﬁ)(b—:n)dx:%t

In the second step we find that the function ¢'(z), which corresponds to the func-

tion F(z) in [3, (710)], has the explicit expression

g2 = / z—a)(z—0b) dx \/z—a )(z — )

\/@—3;' JZ'—Z x—a 3;;)2 (l’—Z)

Finally, the equilibrium measure p(x)dx is supported on the interval [0,b] and

for x € [0,b]. A direct calculation shows that p(x) = 1 on the saturated interval
[0,al], and p(z) = %aurccosM on the band [a,b]. This agrees with formula

z(b—a)
(2.32).

Recall that v(z) = —zlogc in (2.21). It is easily seen from (2.34) that

() + V1) g St 2C+(b2_\/;)< — (=)
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for ¢ € C\ (—o0,b]. We introduce the so-called ¢ — function.

o) = | g0+ LDy

2
- / log S0 = 2§b2_v CE)C — €0y (2.37)

for z € C\ (—o00,b]. From the definition we observe

¢(2) = —g(2) + v(2)/2 + g(b) — v(b)/2
=—g(2) +v(2)/2+1/2,

where

b—a

[ :=2g(b) —v(b) = 2log -2 (2.38)

is called the Lagrange multiplier. The calculation of the last equality is given in
Appendix; see (4.24). We also introduce the so-called (Z — function.
~ o =(b+a)+2—-2/(C—a)(—0
3= [ g S 222V

- G- a) dg
= ¢(z) L in(1 — 2) (2.39)

for z € C.. Note that the integrand of the integral in the last equation can be
analytically continued to the interval (0,a). Thus the function ¢(z) is analytic in
(0,a); see also (2.42) below. We now provide some important properties of the

g —, ¢ —and 5 — functions.

Proposition 2.8. Let the functions g,¢ and ¢ be defined as in (2.33), (2.37)
and (2.39), respectively. Recall from (2.21) and (2.38) that v(z) = —zlogc and
= 210ngT“ — 2. We have

2g(2) +2¢(z) —v(z) =1 =0 (2.40)

for all z € C\ (—o0,b]. Denote the boundary value taken by ¢(z) on the real line
from the upper half plane by ¢, and that taken from the lower half plane by ¢_.
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We have
o —2in(l1—x) 0<z<a,
by =< —b- : a<x<b, (2.41)
O : x > b.

Denote the boundary value taken by 5(,2) on the real line from the upper half plane
by <Z+ and that taken from the lower half plane by 5,. We have

$_ : 0<zx<a,
I —¢_ : a <z <b, (2.42)
o +2r(l—z) :  x>bh

Denote the boundary value taken by g(z) on the real line from the upper half plane
by g+ and that taken from the lower half plane by g_. We have

—2¢y —2ir(1—2z) 0<z<a,
gi4+g.—v—1=X0 ; a<z<b, (2.43)
—2¢ : x> Db.
Furthermore, we have
2im(1 — x) : 0<zx<a,
g —g. =< —204 =20 a<x<b, (2.44)
0 : x> b.

For any small e > 0 and z € U(b,e) :== {2z € C: |z —b| < e}, we have

o(z) = % +0(e%). (2.45)
For any smalle >0 and z € U(a,e) :={z € C: |z —a| < €}, we have
3(z) = % +O(e2). (2.46)
For any small e > 0 and x > b+ ¢, we have
4e3/2
o(z) > p(b+¢e) = S0 —a + 0(e%). (2.47)

For any smalle >0 and 0 < z < a — €, we have

~ —4e3/?

d(z) < dpla—¢) = Y skl O(?). (2.48)
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For any = € (a,b) and sufficiently small y > 0, we have

z(b+a)—2
Re ¢(x £ iy) = —y arccos W + O(1?), (2.49)
- 2—xz(b+a)
Re ¢(z £ iy) :yarccosw+ O(y?). (2.50)

For any x € (b, 00) and sufficiently small y > 0, we have
Red(z +iy) = ¢(z) + O(y),  Reg(x £iy) = ¢(x) + my + O(y). (2.51)
For any x € (0,a) and sufficiently small y > 0, we have

Re(z £iy) = ¢(x) + O(y%),  Reo(z +iy) = o(x) — 1y + O(y?). (2.52)

Proof. The relation (2.40) follows from the definition of ¢ — function in (2.37)
and Lagrange multiplier in (2.38).

To prove (2.41), we first see from (2.37) that ¢(z) is analytic for z € C\
(—o0,b]. Thus, we have ¢ (z) — ¢_(z) = 0 for x > b. Moreover, we obtain from
(2.37) that for a < x < b,

halo) = /b:c log s(b+a)—2 j:(bQZ_ a()s —a)(b— S>ds,
which implies ¢, (z) + ¢_(x) = 0. On the other hand, for 0 < z < a, it follows
from (2.37) that
halo) :/ba log s(b+a)—2 ;I:(b22_ a()s —a)(b— S)ds

4 / " o ZS0 )+ 25?; 2 a)<a =) — )

+im)ds.

In view of the equality (cf. (4.4) in Appendix)

“  s(b+a)—242i\/(s—a)b—s) s(b+a) -2
log dS—:FZ arccos —————ds
b s(b—a) s(b—a)
= Fin( 1—a
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we have
d4(x) —¢p_(x) = =2in(1 — a) + 2in(x — a) = —2in(1 — x)
for 0 < « < a. This ends the proof of (2.41).
Applying (2.39) to (2.41) gives (2.42).
From (2.40) we have
go(@) + 9 (@) — v(@) — | = 4 (2) — & (2)

for x € R. Hence, the relation (2.43) follows immediately from (2.41).
It is easily seen from (2.33) that the function g(z) is analytic for z € C\
(—o0, b]. Coupling (2.40) and (2.41) yields

G+ —9-=¢— — o1 = =20 =2¢_
for a < x < b. On the other hand, a combination of (2.37), (2.40) and (2.41)
gives
g9+(a) — g-(a) =¢_(a) — ¢ (a)

=2¢_(a)

o[ slb+a)—2—2iy/(s—a)(b—s)
_Q/b log sh—a) ds

b s(b+a)—2
= 22’/ arccos —————ds = 2in(1 — a).
a S(b - a’)

Coupling this with (2.35) gives
g+(x) = 9-(x) = g+(a) — g—(a) + 2im(a — z) = 2im(1 — x)

for 0 < x < a. This completes the proof of (2.44).
For any small € > 0 and z € U(b,e) :={z € C: |z — b| < €}, from (2.37) we

have

: 2/ —a)C —b
qb(z):/b log [ 1+ (b(b—)i) )+O(5) d¢

4(z — b)3/2

YAy +0(e).
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Here again, we have used the fact that ab = 1. This gives (2.45).
For any small ¢ > 0 and z € U(a,¢) :={z € C: |z —a] < €}, from (2.39)

and the fact ab = 1 we have

z 2v/(a—C)(b—a
¢(z):/ log | 1+ (a(b—>i) >+O(€) d¢
_ —d(a—z)3? 5
BT T

This gives (2.46).
From (2.37) and (2.39), we have

zb+a)—2+2+/(x—a)(x—0b
¢ (z) = log ) ;bi/i) A )>O

for z > b and

- bt a)+2-2/C=a)C=D)
¢'(z) = log (6 >0

for 0 < x < a. Consequently, ¢(z) > ¢(b+¢€) for x > b+ ¢, and 5(33) < 5(& —e€)
for 0 < < a — e. Therefore, the formulas (2.47) and (2.48) follow from (2.45)

and (2.46), respectively.
It is easily seen from (2.37) and (2.39) that ¢.(x) and ¢ (z) are purely
imaginary for a < x < b. Hence, for any x € (a,b) and sufficiently small y > 0,

we have

xti
Re¢(xiiy)=Re/ ylog o +a) _2;&)2_ (E)C_a)(g_b)dg
:Re/ - :I:iarccos%+0(y) d¢
z(b+a)—2

WJF O(y*),

= —Y arccos
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and

. rtiy o a o / —a _
Reaﬁ(wiiy):Re/ log b+ >+2C(b2—a;< ) b)dC

xtiy 2—x(b
= Re/ (:Fi arccos % + O(y)) d¢

2—z(b+a)

WJF O(y?).

= Y arccos

This ends the proof of (2.49) and (2.50).

For any x € (b, 00) and sufficiently small y > 0, from (2.37) we have

rtiy a) — —a _
oot in) - o) = [ g LI ZZLIVE SR g

Since the integral on the right-hand side equals to

z(b+a) —2+2y/(z —a)(z —b)

w0 a) +0(y%),

+iy log

it follows that
Reo(x +iy) = ¢(z) + O(y?).

Moreover, we obtain from (2.39) and the last equation that
Reg(z +iy) = Reg(z £iy) + 1y = ¢(x) + 7y + O(y),

thus proving (2.51).

Similarly, for any x € (0,a) and sufficiently small y > 0, we have from (2.39)

3z + iy) — o(z) :/I Zylog_C(b+a)+2g“(_[pia)(g_a)(<_b>

Since the integral on the right-hand side equals to

dc.

—z(b+a)+2+2y/(a—z)(b—x)

wb—a) +0(y?),

+iy log

it follows that
Re g(z + iy) = ¢(z) + O(y?).
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Moreover, we obtain from (2.39) and the last equation that
Re ¢(x £ iy) = Re gz £ iy) — my = ¢(x) — 7y + O(y?),
thus proving (2.52). O

Remark 2.9. Recall that the constant 5y > 0 introduced in the definition of R(z)
has not been determined; see (2.13). Fiz any 0 < c¢ <1 and1 < 3 < 2, we choose
§o > 0 to be sufficiently small such that the function ¢(2)*? is analytic in the
open disk U(b,0o) and the function ¢(2)?/3 is analytic in the open disk Ula, ).
We also require &y to be so small that the formulas (2.45)-(2.52) in Proposition
2.8 are valid whenever €,y € (0,8q). The existence of such a positive constant &g
is obvious. Furthermore, since the functions ¢(z) and 5(2) depend only on the

constants ¢ and (3. the constant dq is independent of the polynomial degree n.

For the sake of simplicity, we introduce some auxiliary functions. Define

B(z) = (Z . 1) = exp {—n /01 log(z — :v)d:v} ﬁ@ _ X)) (253)

k=0

for z € C\ [0, 1], and

+ i E(z)eTm(n==6/2)
EBz) = 2sin(nwz — fr/2) (2:54)

for z € C4, and

H(z) ::( - )1ﬁW(Z) (2.55)

for z € C\ [0, 1], and

_ 18
H(z) = ( : ) W(z) (2.56)
1—2z
for z € C\ (—00,0]U[1, 00), where W (z) is defined in (2.22). We also recall from
(2.9) that X = k+Tﬁ/2 The properties of the above auxiliary functions are given

in the following lemma.
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Lemma 2.10. The function E(z) defined in (2.54) can be analytically continued

to the interval (0,1). Moreover, for any 0 < x < 1, we have

_ BWE)
Bla)” = 4sin®(nmx — Br/2)

(2.57)
For any z € CL, we have

E(2)/E(2) = 72ie™™ "0/ sin(nmz — B /2) = 1 — eT27(=0/2) - (2,58)
H(z)=H(2)e =0 = _H(z)eTm. (2.59)
As n — oo, we have E(z) ~ 1 uniformly for z bounded away from the interval

[0,1] and E(2)/E(z) ~ 1 uniformly for z bounded away from the real line.

Proof. For 0 <z < 1, from (2.53) we have

n—1

15
1—2\ 2 . 1 ,
E.(x)= ( . x) e 1=0)/2 exp {—n/ log |z — s|ds} eFrmill—o) H(Z—Xk).
0

k=0

Consequently, we obtain E(z)/E_(z) = —e*™(*=8/2) " Therefore, it is readily
seen from (2.54) that E, (z) = E_(x) on the interval (0,1). Moreover, we have

E%(z) = EZ+($)E(SC) ) 0<z<l.
4sin®(nrx — B /2)
This gives (2.57).
The relation (2.58) follows from (2.54). The relation (2.59) follows from
(2.55) and (2.56).
Let z be bounded away from the interval [0, 1]. Since X} = k+T’8/2 by (2.9),

we have

ﬁ<Z—Xk>=ﬁ (Z_ k+n6/2>

I'(nz—pB/241)
T nl(nz—B/2—n+1)
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Using Stirling’s formula, it follows that

n—1 V2m(nz — 3/2)(
z—Xp)~
H( ) n/2m(nz — 3/2 — n) (== /221 \nz—/2-n

k=0 e

nz—B/2 )nz—,@/2
e

(nz — B/2)"7" (=22) (n2)m

n

n*(nz — (/2 — n)%(%)nzw(nz — p)nz-nen
5

()T ()

as n — 00. In view of the equality

exp {—n /01 log (= — x)dx} _ %

we then obtain from (2.53) that

s (1) T e () T (2) ()

as n — OoQ.

Finally, as n — oo, it is easily scen from (2.58) that £(z)/E(z) ~ 1 uniformly

for z bounded away from the real line. This ends the proof of the lemma. m

Recalling the definition of g(z) in (2.33), we introduce the function
1
G(z):=ng(z) — n/ log(z — z)dx
0

= n/o log(z — z)p(x)dx — n/o log(z — x)d. (2.60)

[ s =1

see (4.22) in Appendix, it is easily seen that G(z) = O(|z|™!) as z — oo and
Gyi(z) = G_(x) for x < 0. Furthermore, applying (2.39) and (2.44) to (2.60)

Since

implies
0 : z < a,

G, —G_= —2nd, =2ng_ a<x<l, (2.61)
—2n¢, =2ng_ l<z<b.
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Thus, the function G(z) can be analytically continued to C\ [a,b]. In terms of

G(z), we make the third transformation
S(2) := elTnl/Bos R(z)e~CE)4nl/Dos (2.62)
To compute the jump conditions of S(z), we first state the following lemma.

Lemma 2.11. Let the functions a%) and agjf) be defined in (2.14) and (2.15);
see also (2.23) and (2.24). For 0 < x < 1, we have

en((g-k +$— )

) _ (NG y—G_4nl _ & 7
(a3 —ay’)e T o (2.63)
For x > 1, we have
_ . —~HE?
(D) — o(3))eCs+0-nl _ G (2.64)
For z € C, we have
&) 62n<;5
S R L — 2.65
. +HEE (265)
F HEE
a%)QQG_"l = T(Z (266)
e
Proof. Coupling (2.53) and (2.60) gives
1 % n—1
Ee G = (Z > H(Z — Xk), z € Cy.
o k=0
Therefore, we have
1— 1-8 n—1
E+E_€—(G++Gf) — o g++9-) (ng) H(x — X;)? (2.67)
k=0
for x € (0,1), and
1 1-8 n—1
El2 —(G++G-o) — —n(g++g-) :L'_ —_ X 2 268
‘ : —) Ie-x (2.65)
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for z € (1, 00), and
—6 n—1
B?e 0 = ¢ (_Z - 1>1 R (2.69)
= B k .

for z € Cy.
For z € (0,1), we have from (2.39) and (2.40)

grtg-=v+l— (s +0-)=v+1—(ds+0_).

Thus, applying (2.56) and (2.57) to (2.67) yields

n—1
AE? sin® (nmx — B /2)e” (C+FC-) = gmnlrbn(d+to-) (1) 1) H(q: — Xp)?.
k=0
This equality is same as
4sin*(nmx — /2 n_l n(¢1+o-)
s — /%) [[e-x)?=
Wexp(Gy + G- —nv—nl) P HE?
Therefore, (2.63) follows from (2.26).
For z > 1, we have from (2.40)
g+ +g-=v+1— (¢4 +¢-).
Thus, applying (2.55) to (2.68) yields
n—1
EQG—(G++G7) _ 6—n(v+l)+n(¢++¢7)<E/H) H(‘T _ Xk)2
k=0
This equality is same as
n—1 HE2
Gy+G_—nv—nl 2
—We~+ H(:p—Xk) = —6”(¢++¢—).
k=0

Therefore, (2.64) follows from (2.27).
For z € C., applying (2.40), (2.54) and (2.55) to (2.69) yields

n—1
T2isin(nwz — fr/2)e TR FEe26 = om0 (7 /] H(z — Xp)?.
k=0
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This equality is same as

— 2isin(nrz — Br/2) "t end

— _2 p—
6?1’71‘(112*5/2) WezGim}inl k:()(z Xk) :i:HEE

Therefore, (2.65) follows from (2.24). Moreover, from (2.39) and (2.59) we have

(EUH)ezn(qs_;) — _pt2im(nz—p/2)

Thus, (2.66) follows from (2.25) and (2.65). O

Now, we come back to the transformation (2.62). It is easily seen from
(R1) and (2.61) that the matrix-valued function S(z) is analytic in C\ Xg. Let
Y.g := X be the oriented contour depicted in Figure 2.1. We calculate the jump

matrices for S(z) in the following proposition.

Proposition 2.12. On the contour ¥g, the jump matriz Js(z) := S_(2)" 15, (2)

has the following explicit expressions. For 0 < x < a, we have

1 0
Js(x) = | 2 . (2.70)
— 1
HE?
Fora < x <1, we have
20— 0
Js(JT) = 1 _ . (2.71)
— e~ o+
HE?
For1 <x <b, we have
e+ _HE?
Js(z) = . (2.72)
0 62n¢_
For x > b, we have
— HE?
Tez)= |1 Teme | (2.73)
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For z=1+iImz with Tm z € (0,40), we have
E/E _fﬁff
Js(z) = e erne | (2.74)
= 1
+HEE
For z € (0,4£i0) U (£id,1 £ i), we have
1 0
Js(z) = e2n¢ (2.75)
FHEE :
For z = Rez £ id with Rez € (1,00), we have
+ HEE
Js(z) = L oo | (2.76)
0 1

The jump conditions of S(z) on the contour X5 are illustrated in Figure 2.2.

HEE
1 0 Lo
62710 1
. “HEE 1+i6 0o 1
0
=~ HEE
E/E e2nd
e+ —HE?
e2ne 1
HEE 0 o2né

0
a 672715’ 0 1 b 1 ,I;{Ez
= _HEE e
1 0 ~ 12/13 e2nd
_L e 2nd+ 0 1
£2né 1 HE? e2n9
HEE —HEE 1
—id

( 1 U) 1—1i6 (1 —fiEjE)
2nd

2n¢

HEE 0 1

Figure 2.2 The jump conditions of S(z) on the contour Xg.

Proof. From (2.62), we have

Js(z) = e(G-(2)—nl/2)os JR(Z)e(_G+(Z)+nl/2)U3' (2.77)
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Combining (2.29), (2.63), (2.64) and (2.77) implies

elG-—G+ 0
Js(x) = | en(é++6-) (2.78a)
___ GG.»,.*G_
HE?
for x € (0,1), and
— HE?
oG-—Gy
Js(x) = en(d++o-) (2.78Db)
0 6G+_G_

for z € (1,00). Applying (2.41), (2.42) and (2.61) to (2.78) gives (2.70)-(2.73)
immediately.

Recall that the function G(z) is analytic in C\ [a, b]. A combination of (2.28),
(2.30), (2.58), (2.65), (2.66) and (2.77) gives (2.74)-(2.76) immediately. O

Proposition 2.13. The matriz-valued function S(z) defined in (2.62) is the

unique solution to the following Riemann-Hilbert problem:

(S1) S(z) is analytic in C\ Xg;

(S2) for z € ¥g, Si(2) = S_(2)Js(2), where Jg(z) is given in Proposition 2.12;
(S3) for z € C\ Xg, S(z) =1+ O(|]z]™!) as z — oo.

Proof. The analyticity condition (S1) is clear from the definition of S(z) in (2.62),
and from the analyticity condition (R1) of R(z) in Proposition 2.5. The jump
condition (S2) is proved in Proposition 2.12. Furthermore, the normalization
condition (R3) of R(z) in Proposition 2.5 gives (S3). The uniqueness is again a

direct consequence of Liouville’s theorem. O
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2.3 The nonlinear steepest-descent method

For a < x < 1, we can factorize the jump matrix Jg(x) in (2.71) as below

~2ng_ 0 _  HE ~ _  HE
1 N = esne— _ esne+

= e~ 2o+ ~ 1/H 0 ~

HE? 0 1/E 0 E

(2.79)

where we have used (2.42). Similarly, by using (2.41), for 1 < = < b we can

factorize the jump matrix Jg(z) in (2.72) as below

62n¢+ __}{ZEQ FE 0 0 —-H 1/1; 0
— 62n¢— €2n¢+

0 e2né— 1/E 1/H 0

E

—-HFE —-HE

(2.80)

This suggests the final transformation S — 7. Let the domain Qp = QlT L U
- UQp . UQP and the oriented contour ¥y = 37, U---UX] , U (0,00) be as

depicted in Figure 2.3.

o0
QT
1 3 5 7
. ETA— ET,-&- ETA— ZT7-|-
20 > > > >
1 1 2 2 4 3 6 4
ZT# [ QT,Jr ZT,Jr QT,+ ET,Jr 4 QT,Jr ET,Jr QT,Jr
QP 0 > > > >
T a 1 b
1 1 2 2 4 3 6 4
ETﬁ I QT,f ET,f QT,f ZT,— A QT,* ET,* QT,*
—10 - - - -
Sr - D D D/
o0
QT

Figure 2.3 The region Q7 and the contour Y.

We define
T(z) := S(z)E (2.81a)
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for z € Qp ., and

_  FHE
T(z) == S(2) P e2nd (2.81b)
0 1/E
for z € QF ., and
E 0
T(z):=5(z) | e2n¢ (2.81c)
+tHE lVE
for z € Qf ., and
T(z):=S(2)E> (2.81d)

for z € Q7 UQF. For easy reference, we use Figure 2.4 to illustrate the trans-

formation S — T.

S(z)Es
10 > > > >
E =HE E 0
4 S(z)E S5(2) | 4 S(z) 206 S()E™
0 I/E eHE l/E
0 > T > — T > 2 >
E ZE E 0
{SEE™ N SE) pse |, S(E)E”
0 1/E ‘g UE
—id - « - -
S(z)E°s

Figure 2.4 The transformation S — T.

We now study the jump conditions of 7(z) on the contour Xr.

Proposition 2.14. On the contour Yr, the jump matriz Jp(z) = T_(2)7'T, (2)

can be calculated as below. For z € ¥ .., we have

Jr(z) = 1. (2.82)
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For z € 33, we have

+ HE
1 —
Jr(z) = e"?E
€2n¢ _
— L/E
FH /
For z € X5, 1, we have
+ HE
1 —
e2no |
€2n¢> _
— LE/E
FH /

JT(Z) =
For z € ¥, 1, we have
JT(Z) =

7
For z € X1 o, we have

On the positive real line, we have

for0<x <a, and

0 —H
Jr(z) = _
1/H 0
fora<xz <1, and
0 —H
JT(.Z') =

E/E 0
(€2n¢ E ) |
71 E/E

+ HE
1 -
Jr(z) = e2ndF | -
0 1

(2.83)

(2.84)

(2.85)

(2.86)

(2.87a)

(2.87h)

(2.87¢c)
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for1l<x<b, and

- H
Jre) = |1 (2.87d)
0 1
for x > b. Furthermore, we have
+ H
)= |1 o (2.88a)
0 1
forz € X%, and
1 0
Jr(z) = | e (2.88b)
T 1

for z € E%i. The jump conditions of T(z) on the contour Xr are illustrated in

Figure 2.5.

~HE
e2né
1

Figure 2.5 The jump conditions of T'(z). The dashed line means that there is actually no

jump on this line.



Chapter 2. Asymptotics of the Meixner Polynomials 42

Proof. For z € ¥7,;, we obtain from (2.74) and (2.81)

~1 ~ + HEFE 3
E 0 E/E - 5 T }{E
JT(Z> — e2no e2ne e2né
1/E e*n? -
+tHE — 1 0 1/E
+tHEFE
(2.89)
A combination of (2.39), (2.58) and (2.59) gives
(ﬁ/H)e2n(¢f$) _ _ph2im(nz—p/2) _ E/E _1
This equality can be rewritten as
el g 1 1
—_—+ === 2.
5 + F (2.90)
Therefore, we have
. +HEE qE
e2ne end | = | p2ne . (2.91)
— 1 0 1/E +HE
+tHEE
Coupling (2.89) and (2.91) yields (2.82).
For z € ¥} ., by applying (2.75) to (2.81) we obtain
N
. FHE 1 0
E ~
JT(Z) = 62n¢> 62n¢ E(Z)US
~ — 1
0 1/E FHEE

On account of (2.90), we have

+ HE
1 =
e2n¢ _
—  EJ/E

FH
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Thus, (2.83) is proved. Similarly, for z € 5, we have from (2.76) and (2.81)

E 0\’ + HEE
1 —
Jr(z) = | e . ené | E(2)7
+HE / 0 1

Applying (2.90) to the last equation yields (2.84).
For z € ¥, we have from (2.75) and (2.81)

1 0

E/E 0
Jr(z) = B(z)™% | e® 1 E(z)7 = | gmo
—HEE wn FIE

This proves (2.85). Similarly, for z € 7, we have from (2.76) and (2.81)

+ HEE +HE
Jr(z) = E(z)"% e2nd E(2)% 2o [

0 1 0 1

This gives (2.86).
For 0 < = < a, we obtain from (2.70) and (2.81)
1 0 1 0
Jr(z) = E(m)‘” o2nd E‘(a:)”3 = | o2no
— 1 — 1
HE? H
Similarly, for > b, we obtain from (2.73) and (2.81)
— HE? —H
Je(x) = E@) = |1 T | B = o
0 1 0 1
Thus, (2.87a) and (2.87d) are proved.
For a < z < 1, by applying (2.71) to (2.81) we obtain

~~\ ! N ~~
_ HE - S . —HE

E = E =

Jr(r) = e2nd— ) 2+

~ — e~ 2no- ~

0 1/E HE? 0 1/E
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This together with (2.79) gives (2.87b). Similarly, for 1 < x < b, by applying
(2.72) to (2.81) we obtain

E 0\ !
62n¢>+ _HEZ FE 0
Jr(z) = | o eno+
(& - 2ne¢_
0 e 1/E
1/F
—5 U HE

Thus, (2.87c¢) follows from (2.80).
Finally, since S(z) has no jump on ¥7 , and X4, ., we obtain (2.88) from the

definition of T'(z) in (2.81). This ends the proof of the proposition. O

Proposition 2.15. The matriz-valued function T(z) defined in (2.81) is the

unique solution to the following Riemann-Hilbert problem:

(T1) T(z) is analytic in C\ X,

(T2) for z € ¥p, Ty (2) = T_(2)Jr(2), where Jr(z) is given in Proposition 2.14;
(T3) for z€ C\Zr, T(2) =1+ O(|]z]™") as z — oo.

Proof. The analyticity follows from (S1) in Proposition 2.13 and the definition
of T'(z). Proposition 2.14 gives (T2). Furthermore, (S3) in Proposition 2.13
yields (T3). The uniqueness is again an immediate consequence of Liouville’s

theorem. ]

With the aid of Figure 2.5, we observe from (2.58) and Propositions 2.8
& 2.14 that as n — oo, the jump matrix Jr(z) converges exponentially fast
to the identity for z bounded away from [a,b] U {0}. The limiting Riemann-
Hilbert problem can be divided into several local problems, whose solutions can
be constructed explicitly. Since these solutions to the local Riemann-Hilbert
problems are not unique, we shall choose as in [7] some specific ones, which are
asymptotically equal to each other in the overlapping regions. By piecing them
together, we build a function that is defined in the whole complex plane. This
matrix-valued function is our desired parametrix.

We first consider the Riemann-Hilbert problem:
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(M1) M(z) is analytic in C\ [a, b];

(M2) M(z) satisfies the following jump conditions

0 —H
M, (x) = M_(x) B (2.92a)
1/H 0
fora <z <1, and
0 —H
M, (z) = M_(z) (2.92b)
1/H 0

for 1 < x < b;
(M3) M(z) =14 0(]z]"), as z — oo.

Recall that H(2) = [z/(z — 1)]' "W (z) and ﬁ(z) = [2/(1 — 2)]*PW (z), where

_ 2ninl(nz + B/2)c P2
W) = —Tms1-5/2)

see (2.22), (2.55) and (2.56). Define

V(2) = log I'(nz+1-73/2)

— e B/
=18 e 77y R, (2.93)

Clearly,
H(z) = (=11 V®  Hz)=(1-2)0 1V, (2.94)

From the Stirling series [1, (6.1.40) and (6.3.18)], we have

1 1 1
logl'(z) = (2—5)logz—z+§10g(27r)+0(|z|_1), = logz—£+0(|z|_2)

I'(z)
as z — o0. The estimate holds uniformly for z bounded away from the negative

real line. Thus, we obtain the double asymptotic behavior for V(z) as n — oo or

z — 00,

V(z) = —Blogn — log(2imc™/?) + O(%), V'(z) = O(

), (2.95)

nlzf?
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which again holds uniformly for z bounded away from the negative real line. For

z bounded away from (—oo,0] U {1}, it follows from (2.94) and (2.95) that
nPH(2)| + [n’H(2) ' + [n PH(2)| + [n°H(2) 7' = 0(1)  (2.96)

as n — oo. Furthermore, for Re z > 0, we have from (2.22) and Stirling’s formula
that W(z)~! is uniformly bounded as n — oo. Thus, from (2.55) and (2.56), we

obtain

[H(z)"'| +H(=)'] = O(1) (2.97)

uniformly for Re z > 0 and z # 1. Here, we have used the assumption 1 < 3 < 2.

Now, we introduce the function

s—a)(b s)
/ /2”_ - )(C_b)dsdg. (2.98)

Lemma 2.16. The function G(z) defined in (2 98) is a solution to the Riemann-

Hilbert problem:
(G1) G(z) is analytic in C\ [a,b];
(G2) for z € (a,b), G(z) satisfies the jump condition

Gi(z)+G_(z) = V(z)— L =0, (2.99)

where L := 2G(b) — V(b) is a constant independent of x;
(G3) G(z) = O(|z] ™), as 2z — o.
As n — 0o, we have
G(z) = 0(1/n) (2.100)

uniformly for z € C. Here, the value of é(x) at x € (a,b) takes the meaning
of boundary value from the upper or lower half-plane. Therefore (2.100) implies
that |G (z)| + |G_(z)| = O(1/n) for x € (a,b). Furthermore, we have following

asymptotic formula for the constant

L :=2G(b) — V(b) = Blogn + log(2imc™?) + O(1/n). (2.101)
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Proof. From (2.98), we obtain

é/<z>=/ 2:;@ (s —a)(b— 5)ds (2.102)

s—2)v/(z—a)(z—b)

It is easily seen that G'(z) is analytic in C \ [a,b] and éﬁr(a:) + G (z) = V() for
€ (a,b). Moreover, G'(z) = O(|2|2) as z — oco. Thus, (G1)-(G3) follows.
From (2.95) and (2.102), we have (1+|z[2)|G’(z)| = O(1/n) as n — oo. This
estimate is uniform for z € C. Therefore, G(z) = O(1/n), thus giving (2.100).
Finally, (2.101) follows from (2.95) and (2.100). O

With the aid of the function G (z), we now solve the Riemann-Hilbert problem
(M1)-(M3) explicitly.

Proposition 2.17. The Riemann-Hilbert problem (M1)-(M3) has a solution given
by

(z— 17 (L) (- 1) (s

() (z — a)V4(z — b)/4e=GG) (2 —a)V/4(z — b)1/4eC()-L
(z—l) (\/ﬁ \/7)2 B (2_1) (\/27a+\/7)2 B

(z — a)V/4(z — b)1/4eL-G(») (z — a)V/4(z — b)1/1eG(2)
(2.103)

Proof. Since G(z) is analytic in C\ [a, b], the entries of M(z) can be analytically
continued to the interval (—oo,a). Thus, (M1) follows.

The jump conditions in (M2) can be verified as below. For z € (1,b), we
obtain from (2.94) and (2.103) that

(= 1)7" (Vmege )

Mj:l (l‘) = 3
(.CIZ’ _ a)1/4(b _ x)1/4€iz7r/4efGi(z)
() (e~ 1)1 ()
M (z) =

(z — a)/4(b— x)1/4e$z7r/4eGjF(w)fV(x)fL
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Thus, the relation (2.99) implies that M3*(z)/Mi'(z) = +H(x) for z € (1,b).
On the other hand, for z € (a, 1), we have from (2.94) and (2.103)

(1 . %eﬂ:m(;fﬁ) (miim)ﬂ
M (z) = -~
(z — a)/4(b — z)V/4etin/te—Cur(x)
= 18 Eir(-8) | i akiVhE
MIQ(,T) - iHz)(1—xz)=2 e 2 (f)ﬁ
:':

(x —a)/4(b— x)1/46:|:i7r/4€é;;(1’)—V(J:)—L '

Coupling this with (2.99) yields M*(z)/Mi' (z) = +H(z) for x € (a,1). Simi-
larly, a combination of (2.94), (2.99) and (2.103) gives

M:?:Q(l‘) - j:];](:p)’ 2 (17b)7
M3 (z) | +H(z), z € (a,1).

This proves (M2).
By (G3) in Lemma 2.16, we have G(z) = O(|z|™!) as z — co. Hence, it is
easily seen from (2.103) that M(z) = I + O(]z]7!) as z — co. O

From (2.95), (2.100) and (2.101) we have, as n — oo, |G(2)| + |V (2) + L| =
O(1/n) uniformly for z bounded away from the negative real line. By virtue of

the relations

Vzi—a+Vz—b=eF?(Vb—z+Va—2),
Vz—a—Vz—b=e""(b— 2 —a—2),

we obtain from (2.94) and (2.103) that

ﬁfag/ZMﬁog/Q

1-8 —2+vVa—=z : 18 —Z—va—z
(1-2) f(@)ﬁ i(1—2)z (\/bi#)ﬁ
(b— 2)/4(a — 2)1/4 (b— 2)V/4(a — 2)1/4

- B-1 —Z—v/a—2z\2— B-1 —Z a—z\2—
—i(1—2) 5 (R s (1 ) (Eamay2g
(b— 2)Y4(a — 2)V/* (b— 2)Y4(a — 2)V/4

« (I + o<%>) ,
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which holds uniformly for z bounded away from the negative real line. Define

— b—z++va—z s Vb—z—+/a—z
R G R

(b—2)"4(a — =)t/ _i(\/ﬁf\/@)z—ﬁ (x/ﬁh/ﬁ)%ﬁ
2 2

m(z):=

x| . (2.104)

As n — 00, we have

1
f[(z)—a3/2M(Z)ﬁ(z)U3/2 - =m(z) ([—l— O(%)) . (2.105)
1
Similarly, define

O T e e I

miz) .=
( ) (Z — a)1/4(2 — b)1/4 i(\/ﬂ—\/ﬂ)Q_ﬁ <\/Z—a+\/z—b>2—ﬁ
2 2

x| . (2.106)

From (2.94) and (2.103), we obtain

1 2
—03/2 o3/2 _ l
H(z)"%2M(2)H(z)/ - m(z) ([—l— O(n>> (2.107)

as n — 0o. The estimates (2.105) and (2.107) hold uniformly for z bounded away
from the negative real line. Recall that we are using capital letters to emphasize
the dependence on n; see the paragraph before Proposition 2.1. The small letters
m and m in (2.104) and (2.106), respectively, indicate that these two matrix-
valued functions are independent of n. We would also like to emphasize that
for any small £ > 0, the matrix-valued function m(z)(z — b)?*/* is analytic in
U(b,e) :={z € C: |z —b| < &}, and the matrix-valued function m(z)(a — z)~7%/*
is analytic in U(a,e) :=={z € C: |z —a| < &}.

Next, we find the solution to the scalar Riemann-Hilbert problem:

(D1) D(z) is analytic in C \ (—ic0,i00);
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(D2) D(z) satisfies the jump condition

E(z)

Do(a) = D)5

: z € (—i00,i00), (2.108)

where the functions D, (z) and D_(z) denote the boundary values of D(z)
taken from the left and right of the imaginary line respectively;
(D3) for z € C\ (—i0o,ic0), D(z) =1+ O(|2|7}) as z — .

Recall from (2.58) that E(z)/E(z) = 1 — e*2m(==5/2) The solution to the
Riemann-Hilbert problem (D1)-(D3) is given by

-l o (25) 5
% Mog(1 — e=2mms=im8)  Jog(] — e~ 2nms+inB
:eXp{ ! /0 {1 g(1 ) log(1 )]ds}'

271 s+ 1z S — 1z

(2.109)

It can be shown that as n — oo, the function D(z) converges uniformly to the
constant “1” for z bounded away from the origin; see Section 4.3 in Appendix.
We now introduce the so-called Airy parametriz defined by

Ai(z)  w?Ai(w?z)
A(z) = | , o (2.110a)
iAV(2)  w AT (w?2)

for arg z € (0,27/3), and

—wAi(wz)  w? Ai(w?z)
A(z) = ‘ 3 o (2.110b)
—iw? Ai'(wz)  iw Al (W?2)

for arg z € (27/3,7), and

—w? Ai(w?z) —wAi(wz2)
A(z) = o . y (2.110c¢)
—iw Ai'(w?2)  —iw? Al (w2)

for arg z € (—m, —27/3), and

Ai(z) —w Ai(wz)
AR = (2.110d)
iA(2)  —iw? Ai'(wz)
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for argz € (—2n/3,0). By virtue of the identity of the Airy function Ai(z) +
wAi(wz) + w? Ai(w?z) = 0, the Airy parametrix defined in (2.110) has the jump

conditions:
1 0
Ai(z)=A_(z 2.111a
+(2) (2) o ( )
for z € (0, coe*?™/3), and
0 -1
A(z)=A_(2) (2.111b)
1 0
for z € (—00,0), and
1 -1
Ai(z)=A_(2) - (2.111c¢)

for z € (0,00). The Airy parametrix and its jump conditions are illustrated in

Figure 2.6.
( —wAi(wz)  w? Ai(w?z) ) ( Ai(z)  w?Ai(w?z2) )
—iw? Ai'(wz)  iw AT’ (w?2) iA(2) dw Al (w?2)
0 -1 1 -1
(v ) (o 7)

Figure 2.6 The Airy parametrix and its jump conditions.

Recall the asymptotic expansions of the Airy function and its derivative

(cf. [22, p. 392] or [28, p. 47])

o
2,3/2
63“2

s=0

Ai(z) ~

. _2,3/2 >
A1(z)~— e ’ Z 23/2

(2.112)

2
3
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as z — oo with |argz| < m, where ug and v, are constants with uy = vy = 1.

Therefore, by applying (2.112) to (2.110), we obtain

2—0'3/4 1 _7’

PV

Az) = (I+0(z7*2))e 5" 2 5 00, (2.113)

Finally, we construct the parametrix T}, (2). Let dp be determined in Remark
2.9. Fix any 0 < € < 0 < §p and denote by U(zg,¢) the open disk centered at z

with radius €, where zy = 0, a or b. We define
Tpar(2) == M(z) (2.114)
for z € C\ (U(0,e) UU(a,e) UU(b,€)), and
Tyar(2) := M(2)D(2)” (2.115)
for z € U(0,¢), and
Thar(2) 1= V/TH (2)72m(2) F(2) /T A(F (2))e" 7 H(2) /2 (2.116)

for z € U(b,¢), and

—03/2

Tour(2) = VAH () *70(2) B(2) 401 A(F ()o@ () (2.117)

for z € U(a, ), where the functions F(z) and F(z) are defined by

Flz) = (gn¢(z))2/3, Fz) = <—gn$(z))2/3, (2.118)

0 1 10

and o; 1= and o3 1= are Pauli matrices.
1 0 0 -1

Remark 2.18. Now, we determine the precise shape of the curves E%i and E%i
in Figure 2.3. Recall the definition of the functions F' and Fin (2.118). It follows
from (2.45) and (2.46) that

F(2) ~ (b\/%)% (2 = b) (2.119)
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as z — b, and

N m 2/3
F(z) ~ (m) (a—2) (2.120)
as z — a. Furthermore, the function F(2) is analytic in U(b, dy) and the function
F(2) is analytic in U(a,dy); see the choice of 0y in Remark 2.9. We choose %4
to be the inverse image of the rays (0, ooeﬂ”/?)) under the holomorphic map F,

and ZZT’i to be the inverse image of the rays (0,00e¥>/3) under the holomorphic

map F.
Define

K(2) := n P72 ()T L (2)nfoe/2, (2.121)

par
The jump conditions of the function K (z) are studied in the following proposition.

Proposition 2.19. Let X be the contour shown in Figure 2.7. The matrix-
valued function K(z) is analytic in C\ Xk. On the contour Yk, the jump matrix

Ji(2) = K_(2)"'K,(2) has the following explicit expressions. For z € X, ., we

have
E/E 0
Jr(z) =nPBPM | e M~ 1pPos/2, (2.122)
— L/E
TH /
For z € X% ., we have
+H
1 —
Ji(2) = n P72 e2né | M~ 1nPo3/2, (2.123)
0 1
For z € ¥ . UX% ., we have
+ HE
1 —
Ji(2) = n~Pos2 ) e E | M1nf7s/?, (2.124)
62n¢
— E/E
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For z € 3% _, we have

1 0
Jr(2) = n P32\ | g2ne M~ 1nfPosl?, (2.125)
+H
For z € ¥ .., we have
+HE
Te(z) =n 2y | b g | M infesr. (2.126)
0 1

For z € 3%, we have
Jic(2) = e Pos2 o3/ 2 s/t A(F)en9os Ho3/2 M~ 1nfos/2 (2.127)

For z € X%, we have
Jk(2) = ﬁn_5”3/2f](’3/2ﬁ1ﬁ_"3/401A(ﬁ)ale”‘z‘mE‘“3/2M_1n6”3/2. (2.128)

For z € Y, we have

Ji(2) = n=Pos2 N Do M~ 1pfos/2, (2.129)
For z € ¥ ., we have
1 0
Ji(2) = n P72 2o M~ 'nfoe/2, (2.130)
FHD,.D_

Furthermore, the jump conditions of K(z) on the positive real line are given as

1 0
Ji(x) =n P20 | e2né M~ 1pfoa/? (2.131a)
i
for0<x<e, and
1 0
Ji(x) = n P72 | e2nd 1 M~'pfosl? (2.131D)
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fore <z <a—e, and

- H
ené | M~1pfos/2 (2.131c)
0o 1

Jk(x) = n=Pos 2 ) g L

for x > b+e. On the contour X \ (3% U X5 UX%), the L® and L' norms
of the difference Jx — I are exponentially small as n — oo. On the contour

Y2 UXs UX%, we have

1
I/ — ]HLOO(Z%(UZ)?{UE(}() = O(ﬁ), n — o0.
) 2%(& E%’,+

1
k4

22
a K
EK ,+

—i0 2}:7 2%7
Figure 2.7 The contour Y.

Proof. In Remark 2.18 we have shown that the function F'(z) is analytic in U (b, do)
and the function F(z) is analytic in U(a, 6). Since 0 < & < § < 8, we obtain from
(2.106) and (2.119) that the matrix-valued function mF?3/4 is analytic in U(b, ),
and from (2.104) and (2.120) that the matrix-valued function mF 73/ is analytic
in U(a,e). Therefore, applying (2.111) to (2.116) and (2.117) implies that the
parametrix T, (2) possesses the same jump conditions as T'(z) in U(a, e)UU (b, ¢);
see (2.87) and (2.88) in Proposition 2.14. Thus, the function K(z) defined in
(2.121) is analytic in U(a,e) U U(b,e). Moreover, applying (2.87), (2.92) and
(2.114) to (2.121) implies that the function K(z) can be analytically continued
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to the interval (a+¢,b—¢). Therefore, the analyticity of K(z) in C\ Xk is clear
from the analyticity of T'(z) in C \ .

Since the function M (z) is analytic in C \ [a,b], we obtain (2.122)-(2.126)
from (2.83)-(2.86), (2.88), (2.114) and (2.121).

Since T(z) has no jump on X% U X% U X%, the formulas (2.127)-(2.129)
follow immediately from the definition of T}, (2) in (2.114)-(2.117), and from the
definition of K(z) in (2.121).

For z € X% |, applying (2.115) to (2.121) gives

JK(Z) = n_ﬁa3/2MDi3T__1T+D;O—3M_1n503/2_

Thus, formula (2.130) follows from (2.85) and (2.92).
Moreover, a combination of (2.87), (2.114), (2.115) and (2.121) yields (2.131).
From (2.100), (2.101) and (2.103), we obtain

|n—ﬁ03/2M(Z)nﬂ<73/2| — O(l)’ n — 00. (2132)

By applying (2.47)-(2.52), (2.58), (2.97), (2.109) and (2.132) to (2.122)-(2.126)
and (2.129)-(2.131), it follows that the norm [|Jx — I| poe(y,0\(ma Usp Us0 ) 1S €x-
ponentially small as n — oo.

To prove the norm [|Jx — I|| 11 (g,0\ (2. uss Usg ) decays exponentially as n —
0o, we only need to show the L' norm of the difference Jx — I on the infinite
contour Zk LU(b+e, 00) is exponentially small as n — oo. Firstly, since ¢"(z) > 0

for x > b by (2.37) and the fact that ab = 1, we have
dlx) > pb+e)+ (x—b—e)p(b+¢)

for any x > b+ . Hence, we obtain
—2n¢(b+e)
ezt rece) < 24/ (b + <)
Applying (2.97) and (2.132) to (2.131) implies that the norm ||Jx — 1|11 (p+e,00)

is exponentially small as n — oo. Furthermore, we observe from (2.37), (2.50)
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and (2.51) that the L' norm of the function e=2"® on the contour Yk 4 is also
exponentially small as n — oo. Therefore, applying (2.58), (2.97) and (2.101) to
(2.126) implies that the norm |[Jx — I||1(x7 ) is exponentially small as n — oc.
Thus, the exponential decay property of the norm ||Jx — I“Ll(EK\(E%(UEl}(UZ(}())
follows.

Now, we prove the last statement of the proposition. For z € 3%, applying

(2.107), (2.113) and (2.118) to (2.127) yields

1
Ji(2) = I = n=572H(2)7/2m(2)O(=)m(z) " H(z)~7%/2nf7s/2, n — oo.
n

The estimate holds uniformly for z € ¥%. Thus, we obtain from (2.96)

1
/K — IHLOO(EE;{) = O(g), n — 0.

Similarly, a combination of (2.96), (2.105), (2.113), (2.118) and (2.128) gives

1
HJK_[HL‘X’(E‘}():O(E)7 n — oQ.

Finally, by (2.109) we have D(z) = 1 + O(1/n) uniformly for z € ¥%. Hence, it
follows from (2.129) and (2.132) that

1
[k = |9, = O(E)v n — oo.

This ends the proof of the proposition. O

Proposition 2.20. The matriz-valued function K(z) defined in (2.121) is the

unique solution to the Riemann-Hilbert problem.:
(K1) K(z) is analytic in C\ Xk;

(K2) for z € Yk, K (2) = K_(2)Jk(z), where Jx(z) is given in Proposition
2.19;

(K3) for 2 € C\ Xk, K(z) =1+ O(|2|™) as z — .

Furthermore, as n — oo, we have K(z) = I + O(1/n) uniformly for z € C\ Xg.
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Proof. The analyticity condition (K1) and the jump conditions (K2) have been
shown in Proposition 2.19. The normalization condition (K3) is clear from the
normalization conditions of the functions T'(z) and M (z), and from the definition
of the function K(z). The uniqueness again follows from Liouville’s theorem.
Finally, as in [7, Theorem 7.10], we can obtain from Proposition 2.19 that K(z) =
I +0(1/n) as n — oo. The estimate is uniform for all z € C\ Y. O

2.4 Uniform asymptotic formulas for the

Meixner polynomials

Theorem 2.21. For any 0 < c <1 and 1 < < 2, let 69 > 0 be a sufficiently
small number depending only on the constants ¢ and (3; see Remark 2.9. Recall
from (2.21) and (2.38) that v(z) = —zlogc and 1/2 = log % — 1, where a
and b are the Mhaskar-Rakhmanov-Saff numbers given in (2.31). The functions
9,0.¢ and D are defined in (2.33), (2.37), (2.59) and (2.109), respectively. For
any 0 < € < & < 0y, the large — n behavior of the monic Meizner polynomial

Tn(nz — B/2) is given below (see Figure 2.8).

(i) For z € Q' UQ™, we have

(1fﬁ)/2(—\/zfag Wj)ﬁ

To(nz — B/2) = ne™) Z(Z — T {1 + O(%)] . (2.133)

(ii) For z € QL, we have

(1-6)/2( Vb=z+Va=z\p
z ()
(@ — 2)Y4(b — 2)V/4

x{ sin(nmz — fr/2)e ") {1 - O(%)}

Tn(nz — 3/2) = —=2(—n)"e™?)/2+n1/2

+O(nﬁe"Re¢<Z>)}. (2.134)
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(iii) For z € QY we have

Ta(nz — 3/2) = D(z)n"e"

[1 + O(%)} (2.135)

() For z € QY ., we have

(1-p)/2(Vb=z+Va=z\p
Wn(nz _ 5/2) —2D( )( )nenv(z)/Q—l-nl/ZZ ( 2 )
(a _ 2)1/4(6 _ Z)1/4

X { sin(nrz — ﬁw/Q)e_"q;(z) {1 + O(%)]

+O(nﬁe”Re¢<Z>)}. (2.136)

(v) Recall the definition of the functions F(z) and F(z) in (2.118). For z € Q°,

we have

iz = 3/2) = (e R o) [14+ 03]

+B(z,n) [1 + O(%)} } (2.137)

where

B = N = e

Alz,n) = ZB-1/2(h — 2)1/4(q — z)l/4ﬁ(z)*1/4

x [cos(nmz — B7/2) Ai(F(2)) — sin(nmz — 87 /2) Bi(F(2))],

and

~ (M)ﬁ _ (M)ﬁ

B(Z, ) _ 2 2

2B-02(h — 2)VA(a — 2)VAF(2)1/4
x [cos(nmz — B /2) Ai'(F(2)) — sin(nmz — B7/2) Bi' (F(2))].

(vi) For z € Qb, we have
r(nz — 3/2) :nn\/%e"v@/w/?{A {1 Lol )}
+B(2,n) {1 + o<%)} } (2.138)
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where
e e
A(z,n) = SR, — )i DA () Ai(F(2)),
and
(\/ﬁ—zl—\/z—b)ﬁ N (\/ﬁ;\/z—b)ﬁ
N N
B(z,n) = Sz — o)Az — B AF () Ai'(F(z))
(vii) Let z = 5% cosu + ¢ = —2C cosu + M2 We have

1-8)/2(b=a 2
ma(nz — B/2) = 2(—n)”e””(Z)/2+nl/2 - <T)B/
(z — a)/4(b— z)1/4

X { cos(nmz — /2 + 7/4 + Bu/2 F ind(2)) [1 + O( )]

1
n
+O(n1€n|Re$(z)+m|Imz|)} (2.139)

for z € Q2%, and

21-8)/2(ba /2

(z —a)/4(b— 2)V/4

x{ cos(m/4 — Bu2 F ind(2)) [1 + 0(%)]

{0z — 3/2) = 2nnem 2

+0(n"te" Red’@)} (2.140)

for z € Q3. In view of (2.39) and the fact that © + u = 7, the asymptotic
formulas (2.139) and (2.140) are exactly the same.

Proof. By applying (2.10), (2.22) and (2.58) to (2.13) we obtain
1 0

n—1 93
U(z) = R(z) | ][ (= - Xj)] F Ee™ (2.141a)
= wE
for Rez € (0,1) and Im z € (0, +6), and
n—1 o3 + WEefnv
U(z) = R(z) [] ] (= - X])] Ee¥2in(nz=5/2) (2.141b)
j=0

0 1
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QOO
o,
I
|
I B
02 : 03 953
|
I
__________ B S
I
I
02 ! Q3 (95
I
|
- e
QOO

Figure 2.8 Regions of asymptotic approximations. A dashed line indicates that the

asymptotic formulas on its two sides are the same.

for Rez € (1,00) and Im z € (0, £4), and

I1¢=- Xj)] (2.141c)

for Rez ¢ [0,00) or Imz ¢ [—6,6]. It is easily seen from (2.53) and (2.60) that

ﬁ(z —X;) = ( & ) E(2)en?)=C (), (2.142)

. z—1
j=0

For the sake of convenience, we put

Ul(z) == "53] (2)el-m0(2)/Dos (2.143)
Thus, we have from (2.6) and (2.8) that
Upi(z) = n e @220 (02— 3/2). (2.144)

A combination of (2.40), (2.55), (2.62) and (2.141)-(2.143) yields

1—
1 0 5203
~ z

U(z) = S(2)E%e™™ | £ F
HE

N (2.145a)
1 Z
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for Rez € (0,1) and Im z € (0, £9), and

F HE ; 2 98
ﬁ(g) — S(Z)Eazae—mba:a 1 EeT2in(nz—03/2) 1 (2.145b)
Z —_—
0 1
for Rez € (1,00) and Im z € (0,+4), and

~ z
U(z) = S(2)E7e "9 — (2.145¢)

Z —

for Rez ¢ [0,00) or Im z ¢ [, d].
For z € Q*UQ>, we apply (2.81), (2.114) and (2.121) to (2.145), and obtain

e—LU3/2(76L03/2 — (6—L0'3/2nﬂ03/2Kn—ﬁ03/26L0’3/2)(e—L03/2M6L03/2>

1 x 717ﬁ0'3

—n@os ? 2
xe 01 po| ; (2.146)

here and below, we denote by * some irrelevant quantity which does not effect

our final result. From (2.101) and Proposition 2.20, we have
1
e~ Los/2pfos/2 o =Bos/2elos/2 — 1 O(Z), n — o0o. (2.147)
n

Therefore, applying (2.100) and (2.103) to (2.146) yields
18 /z—a+\z—
S Loy
(z —a)V4(z — b)1/4 n’|’
Hence the asymptotic formula (2.133) follows from (2.40) and (2.144).
For z € QL, we apply (2.81), (2.114) and (2.121) to (2.145). The result is

ﬁn == €_n¢

e—LU3/2(76L03/2 — (e—Lag,/Qnﬁag/QKn—ﬁ03/26L03/2)(e—Lag/QMeLag/Q)e—n¢0'3
E/E 0 LN s
x R ( 1) . (2.148)
Tel/H E/E| \*7

Recall from (2.22) and (2.55) that H(z) = [2/(z — 1)]' "W (z) and

_ 2ninT(nz + B/2)c P/
 T(nz+1-p/2)
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Asn — oo, we observe by Stirling’s formula that the function H(z)~! is uniformly
bounded for Rez > 0 and 2 # 1. From (2.101), it follows that |eZ/H (z)| = O(n”).
Therefore, applying (2.100), (2.103) and (2.147) to (2.148) gives

Z%(@Jg\/afz)ﬁ
(b— 2)"4(a — 2)V/4

Uy = {(E/Eﬁfwﬁmﬂbﬂv2[l+_0(%ﬂ

+O(nﬂe"Re¢)}. (2.149)

Since

(E/E)e"Fm0=0)/2 — _2(_1)"e"" sin(nrz — fr/2)
by (2.39) and (2.58), the asymptotic formula (2.134) follows from (2.144) and
(2.149).

For z € QY the proof of (2.135) and (2.136) is similar to that of (2.133)
and (2.134). The only difference comes from the definition of the parametrix
Tpar(2) in (2.114) and (2.115). We thus replace M by M D in (2.146) and
(2.148); consequently, the asymptotic formulas (2.135) and (2.136) are simply
the formulas (2.133) and (2.134) multiplied by the function D(z).

For = € Q°, we first consider the case arg F(z) € (F27/3, 7). In view of
(2.120), this region is approximately the same as the region arg(z—a) € (0, +7/3).
Hence, we obtain from (2.81) and Remark 2.18 that

E FHE/e™?
0 1/E
Applying this and (2.121) to (2.145) gives

ﬁ*ﬂ'g/Z(’jﬁO’:ﬁ/Q — (ﬁfog/Qnﬁag/Zanﬁog/Qﬁag/Q)(ﬁfo‘;g/QTparﬁU;;/Qefngog)

_ 4+ HE E 0
cendra a2 | VE " | oo [ i
_ — 1/E
0 E HE

1,
x ( & 1) . (2.150)
Z —
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Coupling (2.110) and (2.117) yields

ﬁ_03/2Tparﬁ03/2e_n$03
—iw? Ai'(WF)  —iw Ai'(W2F)

= /mmF o/
—wAI(WF)  —w? Ai(W?F)
Ai'(F)  —Bi'(F) i/2 )2
= /mmF o3/ (2.151)
—iAi(F)  iBi(F) -1/2 1/2

for arg F(z) € (—=27/3, —), and

ﬁfag/QTparﬁag/Qefngag
iw Al (WF)  —iw? Al'(WF)

= /rmF o/t
W2 Ai(w?F) —wAi(wF)
AV(F)  —=Bi(F)\ [—i/2 /2
= /TmFos/ (2.152)
—i Ai(F)  iBi(F) —-1/2 —1/2

for arg F'(z) € (2/3, ). Here, we have made use of the identities

2w Ai(wz) = — Ai(z) + i Bi(z2), 2w? Ai(w?z) = — Ai(2) — i Bi(2).

(2.153)
A combination of (2.39), (2.58) and (2.59) implies
_ +HE E 0 -
~ 3 03
6n¢03ﬁ'—03/2 1/E €2n$ €—n¢¢73 == 1 ﬁ03/2 (_Z ) ’
N —— 1/E z—1
0 E EH
:Fz'eq:iﬂ'(nz—,@/Q) ieiiﬂ(nz—,@/?)E/E 1-8

(=)
_ieiiﬂ(nzfﬁ/Q) iieiiﬂ(nzfﬁ/Q)E/E I—=2

() (e ) )T
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where the * stands for some irrelevant quantities. Applying (2.151)-(2.154) to
(2.150) gives

?[70’3/26}?{/0'3/2 _ (ﬁ'*ﬂg/2nﬁ03/2Kn7503/2ﬁ'O’3/2)(ﬁmﬁfo'g/ll)(_1>n

cos(nmz — pr/2) Al'(F) — sin(nmz — pr/2) BI'(F)  *
X
—icos(nmz — Br/2) Ai(F) + isin(nmz — B7/2) Bi(F)

x (1 : ) . (2.155)
—Z

From (2.96) and Proposition 2.20, we have

Ho3/2P73/2 g =B/ F1os/2 — [ 4 O(1/n), n — 0o. (2.156)

Coupling (2.155) and (2.156) yields

1-8
Un(z)=(-1)"v/7 <1 i Z)
X {m11ﬁ_1/47"11 [1 + O(%)} + g F V47, {1 + O(%)} }a
where
11 = cos(nmz — B /2) A (F) — sin(nwz — B /2) Bi'(F),
and

ro1 i= —icos(nmwz — B /2) Ai(F) + isin(nrz — Br/2) Bi(F).

Thus, formula (2.137) follows from (2.104) and (2.144).

Now, we consider the case arg F|(z) € (0, F27/3). In view of Remark 2.18,
we obtain from (2.81) that T(z) = S(z)E(z)°*. Applying this and (2.121) to
(2.145) gives

ﬁ—03/2(7j:103/2 _ (f[—ag/Qnﬂ03/2Kn—B03/2ﬁ03/2)(ﬁ—ag/?Tparﬁag/Qe—naag)
. E/E 0
Xend)ag E—03/26—n¢03 f_jag/2
T1/H E/E

1—

0,
X ( : 1) . (2.157)
Z R
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A combination of (2.110), (2.117) and (2.153) yields

~ AV(F)  —BU(E)\ [+i2 i
ﬁfo'g/ZTpaTj_jag/Zefnd)ag _ ﬁmﬁfggﬂl

—i Ai(F)  iBi(F) —-1/2 0
(2.158)
From (2.39), (2.58) and (2.59) we have
) E/E 0 18,
emj)og ﬁ703/267n¢03 N ﬁa3/2 ( Z )
+1/H EJE -1
—2sin(nnz — fr/2) 0 15

— (1"

—_
|
N

(=)
_Z'e:tiw(nz—,B/Q) iie:l:iﬁ(nz—ﬁ/2)E’/E

() (e o) () e

where the * again stands for some irrelevant quantity. Applying (2.158) and
(2.159) to (2.157), we again obtain (2.155). A combination of (2.104), (2.144),
(2.155) and (2.156) yields (2.137).

For z € Qb we only consider the case arg F(z) € (+27/3,£m) here. The
case arg F'(z) € (0,427/3) is much simpler and we omit the details. On account

of Remark 2.18, we obtain from (2.81) that

E 0
TC) =56 osemm) 1m

Applying this and (2.121) to (2.145), we have

H_03/26H03/2 _ (H_U3/27’Lﬁ03/2Kn_ﬁ03/2H03/2>(H_U3/2TparHU3/26_n¢a3)

1/E 0 THE
X6n¢a3 H—03/2 62n¢ e—n¢g3 E —6:F2i7r(nz—,3/2) H03/2
E
THE 0 1/E
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A simple calculation gives

H703/2Z7H0'3/2 _ (Hfag/Qn,Bog/Zan,Bog/2H0'3/2)(H703/2TparH03/267n¢03)

1 * 184,
z 2
X X ( 1) , (2.160)
+ * Z =

where the * stands for some irrelevant quantity. Coupling (2.110) and (2.116)

yields

H703/2TparH03/2€7n¢03
—wAi(wF)  w?Ai(W?F)

= /TmFo3/
—iw? Ai"(WF)  iw Ai'(W?F)
Ai(F)  Bi(F) /2 —1/2

= /TmFo3/* (2.161)
iAV(F) BiI(F)) \—i/2 —i/2

for arg F'(z) € (2r/3,7), and

H—O’3/2TPQTH0'3/2€—TL¢O'3
—w? Ai(w?F) —wAi(wF)

= \/EmF"?’/4
—iw A" (W?F)  —iw? Al (wF)

Ai(F)  Bi(F) /2 1/2
—= /TmFo/4 (2.162)
i A(F) iBi'(F) i/2  —i/2
for arg F'(z) € (—2n/3, —m). Here, we have made use of (2.153). Moreover, from
(2.96) and Proposition 2.20, we obtain

H~o3/2pPo3/2 [(p=Fos/2o3/2 — [ 1 O(1/n),  n — oo. (2.163)

A combination of (2.160)-(2.163) gives

1-8

ﬁll(@Zﬁ( : )2

z—1

X {m11F1/4 Ai(F) {1 + O(%)] + imy F Y4 AV (F) [1 + O(%)] }

Thus, formula (2.138) follows from (2.106) and (2.144).
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For z € Q2 , similar to the proof of (2.137) in the case when arg F(z) belongs
to (F27/3, Fr), the equality (2.150) follows from (2.81), (2.121) and (2.145). Also
a combination of (2.39), (2.58) and (2.59) gives (2.154). Set z = —%% cos u+ 22,
and we have Vb — z £+ iv/z —a = Vb — ae*®2. Since H(z) = (1 — 2)8~ e V()
by (2.94), and |G(2)| + [V (2) + L| = O(1/n) by (2.95), (2.100) and (2.101), it

follows from (2.103) and (2.114) that

855 b—a
(1 - 2) (i)
(b— 2)/4(z — a)/*
6:Fiﬁﬂ/2iifr/4 ieiiﬁﬁ/Qi’iﬂ/Zl

x ol

_Z'ezl:iﬁﬂ/2:|:i7r/4 e:FiBﬂ/2:|:i7r/4 n

H—Ug/QTpaTﬁo3/2€—n$G3 _

x e 9%, (2.164)

Since
€$iﬂ/2ii7r/4 ieiiﬂ/2ii7r/4
e—nd)ag
_Z'e:l:iﬂ/Q:l:iw/él 6:Fi17/2:|:i7r/4

2cos(m/4+ fu/2 Fing) —2sin(n/4 + fu/2 F ing) +i/2  i/2

O(e Redl) O(en Redl) -1/2  +1/2
it follows from (2.150), (2.154) and (2.164) that

(L= =) (be)P

ﬁ—ag/?ﬁﬁo’g/Z _ (ﬁ—o‘g/?nﬁag/QKn—Bag/Qﬁag/Q)

,7;/11 * 1—

= o3
- ) , (2.165)

>< ~
O(en\Re¢|+nﬂ'|Imz\) % (1 —Zz

where the * stands for some irrelevant quantities, and

- - ~ 1 3

11 = cos(nwz — B /2 + /4 + Bu/2 F ing) [1 + O(—)] + O(n~tenlReelnmlimzly
n

For z € 0%, we have from (2.94) and (2.95) that

nPH(z)(1 = 2)"7| + |1 = 2)" H(z) " = O(1)
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as n — oo. In view of K(z) = I + O(1/n) by Proposition 2.20, we obtain from
(2.165)

[711(2) =

2(—1)”27(177)6/ T11
G~ 27z — ai"

Coupling this with (2.144) yields (2.139).

For z € Q3 similar to the proof of (2.138) in the case arg F'(z) € (+27/3, ),
the equality (2.160) follows from (2.81), (2.121) and (2.145). Set z = %% cosu +
ba and we have /z — ativb — z = Vb — ae*™/2. Since H(z) = (z—1)#~1e"V()
by (2.94), and |G(2)|+ |V (2) + L| = O(1/n) by (2.95), (2.100) and (2.101), it can
be shown from (2.103) and (2.114) that

(: = )T b52)2

H™ 03/2T ]‘{03/2 —ngos _
(b— 2) 4z — a)l/t

eizﬁu/2$zﬂ'/4 _Z'eipiﬁu/2$i7r/4
1
A0 ol
ie:Fzﬁu/Q:FmMc 6:|:7ﬂu/2:1:z7r/4 n
X e ", (2.166)
Since
e:l:iﬁu/2:Fi7r/4 _,L'e:Fiﬁu/QZFiﬂ/4
6*”@"3

,L'e:FiBu/2:Fi7r/4 e:ti,@u/Q:FiTr/4

2cos(m/4 — fu/2 Fing) —ieFTPuFn/44ng 1 0

O(€n|Re¢|) O(en\Re¢|> +1 1

applying (2.166) to (2.160) gives

1-5,
(o = 1) P gy
(b —2)V4(z — a)l/*
T11 * 1-38

z 2%
O(en\Re¢>|) * (Z— 1) ’ <2'167)

H_a3/2(7H03/2 _ (H—03/2 ﬁog/QKn—ﬁog/QHog/Z)

where the * stands for some irrelevant quantities, and

ri = cos(m/4 — Bu/2 F ing) [1 + 0(%)] +O(ntenIBedl),
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For z € O3, we have from (2.94) and (2.95) that
[ PH(2)(z = )"+ (2 = 1) HH(2) "' = O(1)

as n — oo. In view of K(z) = I + O(1/n) by Proposition 2.20, we obtain from

(2.167)
16 p_a
2272 (22)A2ry
(b—2)V4(z —a)/*
Coupling this with (2.144) yields (2.140). Moreover, since z = %% cosu + 2 =

[711(2) =

—”’T‘l cosu +

formulas (2.139) and (2.140) are exactly the same. O

b+a

¢, we have u +u = m. In view of (2.39), the two asymptotic



Chapter 3

Asymptotics of Some ¢g-Orthogonal

Polynomials

3.1 Discrete analogues of Laplace’s approxima-

tion
In order to give applications to g-orthogonal polynomials, we need consider

the sum

L(zlg) = falk)g W2, (3.1)
k=0

where ¢ € (0,1), f, and g, are real-valued functions defined on N, and z is a
complex variable. As we shall see, the large — n behavior of I,,(z|q) involves the

g-Theta function (1.9)

O,(z) == Z ¢ 2"

k=—o00

Theorem 3.1. Assume that the following conditions hold:

(i) there is a number | € (0,1) such that lim f,(|nl]) =1 and lim g,(|nl]) =

n—00 n—00
0;

(i) there exists a constant M > 0 such that |f,(k)| < M for 0 <k <mn;

(iii) for any 0 < & < I, there exist As > 0 and N(9) € N such that g, (k) > n*As
for all k € [0,n(l —9)] U n(l+6),n] and n > N(0);

(i) for any small € > 0, there exist §(¢) > 0 and N(¢) € N such that |f,(k) —
1] < € and |gn (k) —bn(k—|nl])—co(k—|nl])?| < e(k—|nl])? forn(l—i(e)) <
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kE<n(l+6(e)) and n > N(g), where sup,, |b,| < L.
Then, we have
I(z]q) = 2" [0 (w,) + o(1)] as n— oo, (3.2)
forall 2 € Tg := {2z € C: R < |z| < R}, where ¢ = q® and w, = ¢ 2.

Remark 3.2. Condition (i) in Theorem 3.1 can always be satisfied, if we con-

sider, instead of I,,(z|q), the sum

T SR NS B)m—gnti
B eln) = gy ) = 0 g e

Condition (iv) in the theorem is the discrete analogue of the conditions that f,, is

continuous and g, is twice continuously differentiable at k = |nl| with g),(|nl]) =

b, and g!'(|nl]) = 2c.

Before proving Theorem 3.1, let us first establish the following stronger re-

sult.

Theorem 3.3. Assume that the conditions (i), (ii) and (iii) in Theorem 3.1 hold.

If condition (iv) in that theorem is strengthened to

(iv') for any small 6 > 0, there exist a function n,(0) with TLILIEO M. (9) = 0 and
a positive integer N(8) such that |fn(k) — 1] < n,(9) and |gn(k) — b, (k —
|nl])—co(k—|nl])? < n,(8)(k—|nl])? for allk inn(l—45) < k < n(l+9)
and all n > N(9),

then the error 1, := 2~ " T, (2|q) — Oz(w,) in the approvimation (3.2) satisfies
7] < C (1 () + g A50=0) - geom™o*(1=-0) (3.3)

for sufficiently large n, where C' is a constant depending on q, M, R, L, and c.
Furthermore, the estimate is uniform for z in the annulus Tg given in Theorem

3.1.
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Proof. Clearly,

n—|nl|

Z fn(k+LnlJ)qgn(k+mlJ)zk_ Z qk2c0+kbnzk.

k=—|nl] k=—o00

We write the first sum as

—|nd]—1 [nd] n—|nl]

2.t 2 >

k=—|nl] k=—|né] k=|nd|+1

and the second sum as

—|nd]—-1 [nd]

) SIED SR O

k=—o00 k=—|ndé] k=|nd]+1

Thus,
rn =11+ Io+ I3+ Iy + I5 + I,
where
n—|nl|
Z Fulk + |nl])gonEHInt) F
k=|nd]+1
Z qk2co+kbnzk
k=|nd]+1
—|nd]—-1
> ulkt [nl])g 2k,
k=—|nl]
—|nd]—-1
Z qk2c0+kbnzk
k=—o00
[nd] .
Z Folk + Ln”)[qgn(kﬂnu) . qk c0+kbn]zk’
k=—|nd]
and
[nd] i
Io=— Y [falk+ |nl]) — 1]gFethnzt,
k=—|nd]

For sufficiently large n, we have

n—|nl]
Ll < > MR < Mg MR < g0,
k=|nd|+1
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and

|I5] < Z meCOJF(L”‘SJ+1)200*(m+Ln5J+1)LRm+Ln6J+1
m=0

q(LnéJ+1)2co—(Lnéj—l—l)LRLnéj—i-l@qco (q‘LR)

IA

< qcon252(175)

Y

since |b,| < L. Similarly, we obtain
—|né]—1

|[3| S Z quQA(;Rfk S annQAéRn S anA(s(lf(;)’
k=—|nl]

and

0
’[4’ < Z qm2c0+(Ln6J+1)2¢o+(mfLnéJfl)LRferLmSJJrl

< gLl e (oD k Rl 16y (g R)

< qcon252(1—5)

for large enough n.

We next estimate Is and Ig. It is evident that
[nd]
I = Z fn(k + I_n”>[qgn(k+LnlJ)—k2co—kbn _ 1]qk2co+kbnzk.
k=—|nd]
By the mean-value theorem, we have

[nd]
|I5| < M| lnq|nn<5) Z k}2q_n"(6)k2+k200+kb"|Z|k,
k=—|nd]

where we have made use of condition (iv’). Since el > 1k? and 7,(5) — 0 as

n — oo, the last inequality gives
|I5| < 4M|In q]nn(é)@qco/z(eq_LR)

for sufficiently large n. In the same manner, it follows that

[nd]

2, .
Is| < sup [fulk+ [nl]) =1 > gFeottn|zfk
|k|<[nd] k=—|nd|

<21,(0)O 40 (¢ *R).
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The desired result (3.2) is obtained by a combination of the estimates for Iy, - - - |, I4.

]

Proof of Theorem 3.1. Here we need to show that r, — 0 as n — oo. Let
0 < € < ¢p/2, and choose § = §(¢) as in condition (iv). We estimate Iy, Iy, I3
and I, as before, and they all tend to zero as n — oo. As for I5 and I, we also

proceed as in Theorem 3.3, and obtain

[nd)
5] <eM|lng| Y ke FgHortnf!
k=—|nd]
<4eM|Inq|O 4o 2(eq " R)

and
|I6| < 25@q00 (q_LR>

Thus, lim,, . |r,| < Ce, where C' is independent of €. Since ¢ is arbitrary, the

desired result (3.2) follows. O

3.2 The ¢g-Airy function and the ¢-Airy polyno-

mial

Recall from (1.4) that for ¢ € (0,1),

(CL, q)o = 1, (a7q>n = H(l _ aqkil), n = 1,2, e ,OO.
k=1

We shall also make use of the identity

(@9
(¢ @)n = T (3.4)

In this section, we investigate asymptotic behavior of the ¢-Airy function (1.8)

A — S qu _\k
o2 ;(q;q)k( )

as z — 00, and the ¢-Airy polynomial (1.10)

3
Bl
&
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as n — 00. As we shall see, our formulas involve the ¢-Theta function (1.9)

= i qkzzk.

k=—o00

For convenience, we introduce the half q-Theta function:

Zq’* * (3.5)

Clearly,
O,(2)+1= @;(2) + @;(1/,2). (3.6)

Proposition 3.4. Let z := ¢ "u with u # 0 and t being a fized real number.
When t > 2, we have
(_Z>n n?

Aunl2) = (¢59) o

05 (- 2) + 0 (37)

uniformly for |u| > 1/R, where § > 0 is any small number and R > 0 is any large

real number. When 0 <t < 2, we have

(_Z)mqm2
(43 0

where m := |nt/2] and 6 > 0 is any small number; this formula holds uniformly

Ay(z) = [@q<—q2mZ> +o<qm<“>>], (3.8)

for }% < |u| < R, where R > 0 is any large real number. When t <0, we have
Agn(2) = Ay(2) + O(g" ) (3.9)

uniformly for |u| < R, where 6 > 0 is any small number. Furthermore, as z — oo,

we have
Ay = {@q( ¢"2) + O(g"0-9) (3.10)
(4 ¢)oo
where m := L_hgl—LquJ and § > 0 is any small number.

Proof. From the definition of ¢-Airy polynomial (1.10) we have
L gnky?

Agn(2) :; m(—z)n_k
G

)qq Z k2 ¢ k+1 Yoo (— q—2n/z)k'
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Ift > 2, we write

o (_z)nqn2 +/__—2n > r (2
Aan(e) = 0L [@q< T2) + >}.

Then we have

20 n— —2n 2 —2n
=3 (@ Qeo(=a ) =D d (=g )
k=0 k=0

=11 + Iy + I3,

where
o)
= 1= (" ) (g7 2",
k=0

n

Li= Y ¢ (""" @)e(-a"/2)",
k=[né|+1

[e.9]

I3:=— Z ¢ (=g /2)".

k=|nd)+1
On account of
l—ab< (1—a)+(1—0)
for any a,b € (0,1) and by induction, it is verifiable that
gL gn(1-9)

(q"" Z ¢ 1_q <14
]nk-i-l

for any 0 < k < |nd|. Since
/2l = " /lul < R

for t > 2, we have
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Furthermore, it is readily seen that

max{|L, | < Y R
k=|nd]+1

_ Z q(k+Ln6J+1)2Rk+ |né|+1
k=0

q 262Rn5+1(_)+( 2n5R)
O( n262(1— 5))

From the above estimates we obtain

Z_M (g2 n(1-0)
Aane) = [@< /2) + O(g")

for any small § > 0. This proves (3.7).
Now, we consider the case 0 <t < 2. Set m := |nt/2]; then we can rewrite

the ¢-Airy polynomial (1.10) as

Z d (=""2)"
k=0
= 2 @ () (3.11)
14)oo T

To estimate the difference between the last sum and the ¢-Theta function, we let

()= ALy ) ey ()

(=2)™q
m m 2 m
= Z ) N C i L N A G
k=—m k=—0c0
— L+ L+ Iy, (3.12)
where
)
Li= Y d" (¢ @)e = D(=¢""2)",
k=—|nd]
— 2 m m - 2 m
Li= > ¢ (@ e(=¢"2) = > (=),
k=|n0) +1 k=3 | +1
—|nd]—-1 —[nd]—1

I = Z qk2(qk+m+1;q)oo(_q2mz)k_ Z qu(—QQmZ)k.

k=—m k=—o00
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Firstly, since 1/R < |u| < R and —2 < 2m — nt < 0, we have
/R <"zl = ¢ "u| < R/q.

On account of

1—ab< (1—a)+(1—0b)

for any a,b € (0,1) and by induction, we obtain

. . > ) qk+m+1 quné
L= (@< Y =T <
j=k+m+1 q q

for —[nd| <k < [nd]. Thus, it follows that

2qm—n5 o

L] < " (R/¢*)" = O(q" ™). (3.13)

1—q k=0

Secondly, it can be shown that

[e.o]

max{|L|, B} <2 Y ¢(R/¢)"

k=[ndé|+1

=2 gD (R gty
k=0

— Qq(LnéJJrl)2 (R/¢?) Ln5j+1@;r(q2Ln5J R)

O(g" 1=, (3.14)

Finally, applying (3.13) and (3.14) to (3.12) gives
ra(z) = O(q"™).

Therefore,

(—z)mg™

Aun(z) = (¢:9) o0

O4(—¢*"2) + O(¢" ™)

to

for any small § > 0. Replacing 6 by %, formula (3.8) then follows since m :=

|nt/2].
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When ¢ < 0, we have ¢ < 1 and hence |z| = |¢"™u| < R. From (1.8) and
(1.10) we obtain

<>

For convenience, we have added a positive term in the last sum. Since the last
sum can be expressed in terms of the half ¢-Theta function defined in (3.5), we
have

(I+n)?
Rl+n

[Agn(2) <y !
=0

n

’ OO

)
:3 /-\
3

" (¢ Q)oo@q (1)

=0(¢" )

for any small § > 0. This ends the proof of (3.9).

The proof of (3.10) is similar to that of (3.8). Recall that m := L_lg—{fl‘qj
When z tends to infinity, so does m. Furthermore, we have 1 < |¢®™z| < ¢72
This suggests to change the variable in the ¢g-Airy function from z into ¢*"z. On

account of (3.4),

Z q k+m+1 ) (_q2mz>k_

k=—m
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To prove (3.10) we only need to estimate the remainder

_ (@9 ) — O (—g?m s
r<z>.—<_z)mqm2Aq<> 0,(~7*"2)

[e.e]
m m 2 m
Z (T (=) = Y ¢ (—gP )"
k=—m k=—o0
— L+ L+ I, (3.15)
where
)
Li= Y ¢ (") — D(=¢""2),
k=—|md|
2 m m 2 m
Li= Y (@ 0= = > (=),
o | md |41 k=|mo)+1
—|méd]—1 —|md]—1
2 m m 2 m
Ii= Y " (" 0)e(—"2) = D ¢ (=)
k=—m k=—0o0

Again since ¢ < 1 < |¢*™z| < ¢, similar to the proof of (3.8) one can show

that for any fixed small § > 0,

mm§Oo

1] < 2 Zq’“2q O(g™' =), (3.16)
and
max{|L|, |5} <2 > ¢Fg*
k=[md]+1
:thmﬁﬁ—l@—k(qﬂm(ﬂ)
= O(g™* (-9, (3.17)

A combination of (3.15), (3.16) and (3.17) gives (3.10). This ends our proof. [

3.3 Uniform asymptotic formulas for some ¢-

orthogonal polynomials

In this section, we derive several uniform asymptotic formulas for the ¢=!-

Hermite polynomials (1.5), the Stieltjes-Wigert polynomials (1.6), and the ¢-
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Laguerre polynomials (1.7). We use the same scale as in [15]. Thus, for the

¢ '-Hermite polynomials, we set
z =sinh¢ = (¢ "u — ¢"u"")/2

with u # 0 and ¢ > 0. For the Stieltjes-Wigert polynomials and the ¢-Laguerre
polynomials, we set

z:=q "

with u # 0 and ¢ > 1. After rescaling, we have

: n, —n2t - (qnikJrl;q)k k? -2 n(2t—1)\k
ha(sinh &lq) =u"qg™"" Y~ H—22E M (—u g (3.18)
(@G
()" @Dk e, 4 o
Sn(z;q) = - - " (—u R )), (3.19)
(@Dn = (GO
(_uqa)nqn2(1—t)
Lo(zq) =
(=:9) (4 Dn
(TR e (@S Dk 2 4 a9k
X ¢ (—uq" “)F.(3.20)
kz:; (QSQ)k

Theorem 3.5. Let z = sinh ¢ := (¢ "u — ¢"'u™")/2 with v € C and |u| > 1/R,

where R > 0 is any fixed large number. Given any small 6 > 0, we have
ha(sinh €lg) = u"q ™" [Ag (w0 4 o (t,u)] (3.21)

fort >1/2 =0, where the remainder satisfies

n(1-39)
a A

1—q

[rn(t, )| < (—Jul~2g"*=)

q3n262—2m§ R2(13n8]+1)

4nd 2
D O, (¢ R?). (3.22)

On the other hand, for 0 <t < 1/2, we have

(_ 1)mun—qu—th—m[n(l—%)—m]

% @q(_u72q2mfn(172t)>_i_O(qn(lfé)) : (323)
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where | :=1/2 —t, m := [nl| and § > 0 is any small number. The O-term in
(3.23) is uniform with respect tou € Tg :=={z € C: R™* < |2|] < R} with R > 0

being any large real number.

Proof. From (1.10), (3.18) and (3.21) it is easily seen that

n n—k+1. -1
Tn@, u) — (q (q.’q(;)k qk2(_u72qn(2t71))k — Il 4 [2, (3.24)
k=0 11k
where
nd1] k1
; -1
I = (¢ (q'aq(;lk kQ(_u—Qqn(%—l))k,
k=0 ’
n n—k+1. -1
k:[néﬂ—&—l !

Here §; € (0, 1) is a small number to be determined later. For any 0 < k < |nd, |,

n—k+1 n(1-41)

q q

<1—(¢"""q)k T g

Thus,

= ——— Ay u(=fu| g D). (3.25)

Furthermore, since

for any k € [0,n] and

|u|72qn(2t71) < q72n5R2

for t > 1/2 — 6, we obtain

[ee] k2

|12| < Z q (q—2n6R2)k:

i1 (@ Do

n 2_2né(|n n,
_ q(\' o1]+1)"=2ns( 61J+1)R2(L bt @+(q2(\_n51j+1)—2n5R2)
(¢: @)oo ‘
n26%—2n§(n§1+1)R2(Ln51J+1)

q

OF (g*01=2m0 2, 3.26
(¢ 0 . (q ) (3.26)
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Choose 97 := 39. Then (3.22) follows from (3.24), (3.25) and (3.26).
When 0 <t < 1/2, we apply Theorem 3.3 to (3.18) with

I=1/2—t, m=|nl|, gu(k)=k?—2nlk+m(2nl —m),
falk) = (@ Doe (@, 2= —u? =1, M=1,
bp=2(m—nl), L=2 As=0(1-95), n.0)=2¢""9/(1-q).
To verify condition (ii) in Theorem 3.1 (which is also assumed in Theorem 3.3),
we choose N(§) = |2/6%]. Then it is readily seen that for k € [0, n(l —6)]U[n(l+
d) —1,n] and n > N(J), we have
gn(k) = (k = nl)* — (m — nl)*
>(no—1) -1
>n26%(1 — 6)
=n’As. (3.27)

To show that condition (iv’) in Theorem 3.3 also holds, we first note that
l—ab< (l—a)+(1-0)
for 0 < a,b < 1, and hence

|fu(k) =1 =1 = (""" @)oo (q" 5 0)

<1 = (" @)oo + 1= ("5 )
For any positive integers m and k, we have by induction

1— (qm;q)k<qm +qm+1 4. +qm+k—1
qm o qurk

1—gq
<—. (3.28)

Letting k — oo yields
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Thus,
k+1 n—k+1 n(l—9)
q q 2q
w(k)— 11 < < =n,(0 3.29
) =1 <+ T < S =00 (329)

for k € [n(l — d),n(l + ¢)], where we have used [ = 1/2 —t < 1/2. Next, we

observe that

gn (k) =K% — 2nlk + m(2nl — m)

=2(k —m)(m —nl) + (k —m)>
With ¢g = 1, m = |nl] and b, = 2(m — nl), the last equation becomes
gn(k) = (k — [nl])b, + co(k — [nl])?, (3.30)

thus establishing condition (iv'). Formula (3.23) now follows from (3.2) and
(3.3). O

Theorem 3.6. Let z := ¢ "wu with t > 1, u € C and |u] > 1/R, where R > 0 is
any fized large number. Given any small § > 0, we have

(_u)nqn2(1—t)

Agn ("2 £ (8w 3.31
@ g )+ ra(t,u) (3.31)

Sn(z;q) =

fort > 2(1 —6), where the remainder satisfies

qn(1_36) 1 _n(t—2
[rn(t, u)| < 1—¢q Agn(=lul” ¢ ))
3n26%2—2nd p|3nd|+1
q R +/ . 4nd
+ @q (q R). (3.32)

(¢ @)oo
When 1 <t < 2, we have
(—u)n-mgr*(=t)-min(2-t)-m]
(4 Dn (4 @)oo

% @q(_u—qum—n(Z—t))_|_O(qn(l—6)) ’ (333)

Sn(z;q) =

where | :==1—1/2, m := |nl] and 6 > 0 is any small number. This asymptotic
formula holds uniformly for u € T := {2z € C: R~ < |2] < R}, where R > 0 is

any large real number.
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Proof. On account of (1.10) and (3.19), we obtain from (3.31) that

4;9)n —1 _n(t—
Tn(z) = %SR(Z, Q) _Aq,n(u lq ® 2))

1— n k+1 B B
_ Z )qu2( u 1qn(t 2))k
= —11 — I, (3.34)
where
[nd1 ]
1—(¢" L Dk g2 —1 n(t—2)\k
I := g (—u qn(t )) )
,; (¢ 9

n 1 — qn k+1. (k12 1 nfte
I = Z (<' ’ )qk( u1q (t 2))@
k=|né1|+1 -4

Here §; € (0,1) is a small number to be determined later. In view of the inequality
l—ab< (l—a)+(1-0)

for any a,b € (0,1) and by induction, we can show that for any 0 < k < ndq,

i Lk L n—k qn(l—él)
i=1

Thus, from the definition of ¢-Airy polynomial (1.10) we obtain

o) n(1—s) k2

q q -1 _n(t—2) k
|Il|§2 1—q (¢ v |

k=0
< qn(l_dl)A -1 _n(t—2) 3.35
< T Al ), (335)
q
Furthermore, since 0 < 1 — (¢"**1;¢), < 1 for any nd; < k < n, it follows that
n k2
1 n(t—2) |k
quS Z (C]) |u 1q(t 2)|
k=|néy |+1 EERVES
n—|ndy |—
B [né1]—1 q(k+Ln51J+1)2 - n(t_2)|kﬂn61j+1
Z q(k+n§1 -l n(t 2)|k+ [nd1 |+1
k=0 ( ? OO
R |u*1 n(t— 2)}Ln51j+1

— @+(q2n51|u—1qn(t—2)|).
(¢ @) ‘
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By virtue of t > 2(1 —§) and |u| > 1/R, we have [u~'¢"*"?)| < ¢">“R, and thus

n26? 72n5(Ln61J+1)RLn61J+1

qq 2n(8;—6)
|| < OF (¢ R)
(4 @)oo a
n262—2nd(nd1+1) p|nd|+1
g R P
< O (M =IR). 3.36
(4 9) oo o ) (3.36)

Set 1 := 3d. A combination of (3.34), (3.35) and (3.36) gives (3.32) immediately.
For 1 <t < 2, we apply Theorem 3.3 to (3.31) with

l=1—1t/2, m=|nl], gu(k)=k—2nlk+m(2nl —m),
fn(k) = (qnikJrl;q)k(qu?l; Q)Ooa <z = _uilv Co = 1a M = 1a

by =2(m—nl), L=2, As;=0*1-10), 1,(6)=2¢"""9/(1—q).

The arguments for verifying the conditions in Theorems 3.1 and 3.3 are the same

as those used in the proof of Theorem 3.5. O

Theorem 3.7. Assume that « is real and o > —1. Let z := ¢~ ™u with u € C

and |u| > 1/R, where R > 0 is any fized large number. Given any small § > 0,

we have

(—ug®) g™
(43 9)n

fort > 2(1 —6), where the remainder satisfies

L% (z;q) = Aq,n(u_lq"(t_Q)_o‘) + 7 (L, u) (3.37)

qn(1—2§)
l—q
q3n2§2—2n(5(q—aR> [3nd]+1

+( And—«a
+ o O (¢ *R). (3.38)

On the other hand, when 1 <t < 2, we have

[rn(t, w)| < Agn(—Ju| g 7279)

n2(1—t)—m[n(2—t)—m)]

(—ug®)"™q
L) (z;q)=
(z0) (45 0)n(q: )
X [Og(—utg®m ) + O(g" ) | (3.39)

where | :==1—1t/2, m := |nl]| and 6 > 0 is any small number. The asymptotic
formula holds uniformly for u € Tg .= {z € C: R7 < |2] < R}, where R > 0 is

any large real number.
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Proof. 1t follows from (1.10) and (3.20) that the remainder in (3.37) can be

written as
n a+l+n—k. n—k+1.
q 1)k sk — 1 2 1,
o) =3 i ey
k=0 '
=0+ I, (3.40)
where
LTL61J o n—k. n—
I = (g o k’ 9)r(q L Dk — 1qk2< u—lqn(t—Q)—oz)k’
pae (¢ @)
I = i <qa+1+n k, Q) (qn L Q)k — 1qk2( u—lqn(t—Z)—oc)k.
k=[nd1 | +1 (5 9)x

Here 6, € (0,1) is a small number to be determined later. Since
l—ab< (1—a)+(1—0)

for any a,b € (0, 1), we have for any 0 < k < |nd ],

a+14+n—k n—k+1,
1-(q

QQ)k(q Q)k < 1_( a+1+n— k )k+1 ( n— k+1QQ)k-

In view of (3.28), it follows that

1— (qcx+1+n_k‘ q)k(q”_k“ qa+1+nfk + qnkarl 2qn(1751)

QQ)k<

)

1—gq I—gq

where we have used the assumption o« > —1. Therefore,

|11|<Z

_ 2qn(1 o1)
= -

2q’n(1 —41) k‘2
Q)k

(|u|—1qn(t—2)—a)kz

Agn(=lu] g =D7). (3.41)

Furthermore, since

for any k € [0,n], and

|u|—1qn(t—2)—a < q—2m§—aR
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for t > 2(1 — ¢), we obtain

oo k2

q —2nd—a
EY (_—)(QQ(S R)*
oo (G D

_ q(I_n§1J+1)2—2n5(|_n51J+1) (q—aR) [ndy|+1

(4 ¢)oc
qn25§—2n6(n61+1) (q—aR) [nd1|+1

@;— (qQ(\_n51j+1)—2n5—o¢R)

Of (iR, 3.42
(€5 @)oo o ) (3.42)

Set 01 := 30, then (3.38) follows from (3.40), (3.41) and (3.42).
When 1 <t < 2, we apply Theorem 3.3 to (3.20) with

I=1—1t/2, m=|nl], gu(k)=k*—2nlk+m(2nl —m),
falk) = (@8 (@ (@ oo, 2 =—uTlgT, =1, M =1,

bp=2(m—nl), L=2, As=0(1-96), 1.00)=3¢""9/(1-0q).

The verification of condition (iv’) in Theorem 3.3 proceeds along the same lines

as that given in Theorem 3.5. In particular, since

|fu(k) = 1) = 1= ("% )i (@™ Y r(d*™ @)oo

and

l—abc<(l—a)+(1-0)+(1—c¢)

for 0 < a,b,c < 1, we have
(k) =1 < T= (" + 1= (" "k +1 = (6" @)oo

Thus, by (3.28)
qa+1+n—k _|_qn—k+1 +qk+1 - 3qn(l—6)

Falk) 1] < - <"

= 11 (0)

for k € [n(l —9),n(l 4 0)]. O
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Appendix

4.1 Explicit formulas of some integrals
In this section we calculate some integrals which are frequently used in this

thesis.

Proposition 4.1. Let a and b be two constants such that 0 < a < 1 < b and

ab=1. For any z € [a,b], we have

! ds (b+a)x—2

Ii(x):= = arccos —————, 4.1
(%) ac \/(bs — z)(x — as) (b—a)x (+.1)
v (b+a)s—2
1 = -
2(x) /a arccos b= a)s ds
(b+a)x —2 20 — (b+a)
= —_— — _— 1-— 4.2
X arccos b= ) arccos ———— + (1l —a), (4.2)
! 2r — (b+a)s
Ig(l‘) = /ax arccos st
= arccos W — X arccos %. (4.3)
Especially when x = b, we have
b
(b+a)s—2
I = ————ds=mn(l —a). 4.4
2(b) /a arccos b—a)s ds =7(1l—a) (4.4)
For any z € C\ [a,b), we have
IR (b+a)s—2
L(z)== [ —— vraps-2
4(2) W/a ~—, arccos b= a)s ds
—949 _ —
— g 2(b+a) +24/(z —a)(z b)‘ (4.5)

(z—a)(1+4+a)(1+0)
Especially when z = b, we have
1

b p—
I4(b) = - /a ﬁ arccos %ds = 2log(1 +a). (4.6)
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For any z € C\ [0,b), we have

15(2)3:/0a V(z—a)(z—0b) ds

(a—s)(b—s)s—z%

2(b+a) —2+2/( —a)(z-b) (4.7)

=—1
©8 2(b—a)
Finally, we have
’ b —2
Is:= i log(b — s) arccos %ds
= m[2blog(1 +a) + (1 —a)log(b — a) —2log2 — 1 + a. (4.8)

Proof. By a change of variable s = xt we have

1/z ds
[1 xTr) = .
®) /a V/(bs — 1)(1 — as)

Set y := 1/x. On account of ab = 1, the equality (4.1) is the same as

(b+a)—2y
= arccos ~————,

/ay\/(s—is)m b—a

which is obvious since the functions on both side have the same derivative on y

and the same value at y = a. This proves (4.1).

The equality (4.2) can be proved in the same manner. We observe that the
functions on the both side of (4.2) have the same derivative on x. Moreover, they
all vanish at the point x = a. This proves (4.2).

To prove (4.3), we make a change of variable s = 1/t. Then we obtain

1/z _ 1/x .
I3(x) = x/ arccos Mdt = —x/ arccos btat=2_ | dt.
a (b—a)t a (b—a)t

On account of (4.2) we have

1 b -2 2—(b
Ii(z)=—x [; arccos % — arccos ﬁ +7m—ma—m(l/x— a)}
2¢ — (b+a) (b+a)r —2
= arccos ——————— — T arccos —————.
b—a (b—a)x

This gives (4.3).
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An integration by parts gives
11 b+a)—2
Ii(z):=— / ——— arccos wds
TJ), 2—5 s(b—a)
—log(z — s) s(b+a)—2|" log(z — s)ds

= — 2 % arccos a_ o ms\/(s—a)(b—s)

T s(b—a)
log sds

= log(z — a
( )+/zb m(s—2)\/[s— (z=b)] - [(z —a) — 5]

[z+1+\/(z—a)(z—b)]2’ (4.9)
[Vz—a+ vz —0b]?2?
where we have used the equality (cf. [23, Lemma 2, (2.46)])

b

zZ—a

= log(z — a) + log

/6 log sds

o T(s—2)\/(s—a)(B—s)

_ 1 o [z +VaB+ /(z —a)(z — B)]?

= \/(z—a)(z_ﬁ)l g (Ja + V72 (4.10)

with o = 2z — b and = z — a. To show that (4.9) is the same as (4.5), we obtain

from the relation ab = 1 that

z(b+a) —2+2¢(z—a)(z—b)
— |z +1-VE=a )| |2+ VE-a-b) - 1]
_ (1+a)(1+b)22[\/z—a+\/z—b]2'

(4.11)
2+ 1+ /(2 —a)(z—D)?
Applying (4.11) to (4.9) gives (4.5) immediately.
A change of variable z = HT“ — b_—“t gives
dx dt
\/a—x b—z)T—2 b—a \/—t—i-w (4.12)
where w := # Now, we make another change of variable ¢t = %(s + %) with

s > 1. The right-hand side of (4.12) becomes

—2 /A 2ds -2 1 A—s)(1—s.)
= . -log )
b—a 2+ 1+2ws b—a Vuw?z-1 (A—s_)(1—s4)

(4.13)

where A\ > 1 is a solution to the equation

b+ a 1 1
:—)\ -
b 2ty
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and s; := —w + Vw? — 1 are the roots of the equation s? + 1 + 2ws = 0. Recall

w = w it is easily seen that
w+1l z-—a A—1 a
w—1  z-0b A+1 b (4.14)
Moreover, we have
2
Vw? — :m\/(z—a)(z—b).
Thus, it follows from (4.12) and (4.13) that
V(z—a)(z—0b) dz A=s)(1—s2)
=—1lo . 4.15
/ V(a—z) x)iU—Z g()\—sf)(l_‘ﬂ) (4.15)

: o 2
Since s4 = —w + Vw? — 1, we have

A=s)(1—=s_) A=Ads_—s,+1 A+Dw+1)+A-1)vuw?-1
A=s)T=s1) A=Asy—s-+1 A+Dw+D)—-A=1D)Vur-1

On account of (4.14) the fact ab = 1, the right-hand side of the last equation

becomes

Vbvz—a++avz—b  (b+a)z—2+42/(z — a)( z—b
Vovz—a—Javz—b (b—a)z

Coupling this with (4.15) gives (4.7).

We now prove (4.8). Firstly, from the equality (4.1), the relation ab = 1 and

Fubini’s theorem we obtain
/ / log(b — z)dsdx
ax \/(bs — x)(x — as)
/ /”s log(b — x)dxds
V(bs —2)(x —as)

An integration by parts gives

b log(b — z)dx
V (bs — z)(z — as)

— (b+a)s
(b—a)s

e T—Db (b—a)s '

=log(b — a) arccos
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Hence, we can write I = Ig1 + Ig2, where

! 2a — (b
I _/ log(b — a) arccos%

bs 20— (b+a)s
Igo := )
62 / / p— arccos ———— b—a)s ———duxds

By a change of variable s = at, we obtain from (4.4) and the relation ab = 1 that

ds,

2—(b+a)t
(b—a)t
b A —
=alog(b—a) / |:7T — arccos % dt
— [alog(b — )] - (b — a) — 7(1 — a)]

=m(l —a)log(b—a). (4.16)

b
Isy =alog(b — a) / arccos dt

Now, we are left to calculate Ig. Fubini’s theorem together with (4.3) gives

2z — (b
[62—//36_[)3“3005 v—(b+a)s ———————dsdx

(b—a)s
— b —_—
= / arccos wd — / v arccos de.
o T—0b b—a o T—0D (b—a)x

(4.17)

On the one hand, a change of variable z = b’T“t + b+a

b 1
1 2z — (b t
/ 7, Arceos Mdm = / azcco; dt = —2mlog2,  (4.18)
a -1

T — b—a

yields

where we have used an integration by parts and applied the equality (cf. [24,
Lemma IV.1.15] or [25, (3.13)])

logs
\/ s —a)

On the other hand, from (4.4) and (4.6) we have

d = 2mlog

nglﬁ. (4.19)

/b (b+a)x —2
arccos ~—  dx
0 T — (b—a)x
b b _9
/ arccos @)z — d +b / ——— arccos Mdm
—a)x s T—0b (b—a)x
=7n(l—a)— 27rb log(1 + a). (4.20)
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Thus, we obtain from (4.17), (4.18) and (4.20) that
Iy = —2mlog2 — w(1 — a) + 2wblog(1l + a). (4.21)

Recall that Is = Is; + Is2. Hence, coupling (4.16) and (4.21) gives (4.8) immedi-
ately. O]

Corollary 4.2. Let p(x) be as in (2.32), we have
b
/ p(x)dz = 1. (4.22)
0
Let g(z) be the g — function defined in (2.33), we have

z(b+a)—2—|—2\/(z—a)(z—b)+ —logc

g'(z) = —log - 5 (4.23)

Let | :=2g(b) — v(b) be the Lagrange multiplier defined in (2.38), we have
b—a

I = 2log —2. (4.24)

Proof. From (2.32) we have
’ “ 1 b+a)—2
/ p(x)dx = / dx + —/ arccos Mdm.
0 0 T Ja z(b—a)
Applying (4.4) to this gives

b
/p(x)dx:a—l—l—a:l,
0

thus proving (4.22).
From (2.32) and (2.33) we obtain

se= [ s

zZ—XT

L | 1 /1 b -2
:/ dr + — / arccos Mdm.
0 a

z—x T), z—x x(b—a)

On account of (4.5) and the equality

@1
/ dxr = log - ,
0 2—ZX z—a
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we have
) —1on - 1op 20T @) =242V )z D)
g(z)—lgz_a log (z—a)(1+a)(1+0)

z(b+a)—2+2/(z—a)(z—b)

21+ a)(1+b)

zb+a) —24+2y/(z—a)(z-0b) b—a

2(b—a) g T a0

=—log

=—log
Applying (2.31) to the last equation yields (4.23).
Applying (2.32) to (2.33) gives

a 1 b b .y
g(b) = /O lOg(b - .I‘)dilf + ;\/a log(b — ZL’) arccos %d&?

From (4.8) and the equality

/ log(b — x)dx = (a — b)log(b—a) — a + blogb,
0
we have

g(b)=[(a —b)log(b—a) —a+ blog]
+[2blog(1 +a) + (1 —a)log(b—a) —2log2 — 1 + a

— 2
b a—1+blog—b(1+a) :
b—a

=log

Since v(b) = —blogc by (2.21), we obtain from (2.31) that

b—a

g(b) —v(b)/2 = log - 1.

This proves (4.24). O

4.2 The equilibrium measure of the Meixner

polynomials

As mentioned in Remark 2.7, we could solve the equilibrium measure in a

standard procedure which contains three steps.
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Firstly, we find the Mhaskar-Rakhmanov-Saff numbers a and b by solving
the equations (cf. [3, (759))]):

/\/ U/:;()b—xdx_/ \/0,—33 _x)d:r:O,
/,¢xf:TZ—@¢”_A ¢m—nib—xﬂx:%“

where v(z) := —zlogc is defined in (2.21). A simple calculation gives
b+a
—m log ¢ — 21 arccosh 2 =0, (4.25)
—a
b b b
(—loge) - ( jLaﬂ) — 27| +aarccosh e Vab| =2rm (4.26)
—a
where we have used the equalities (by a change of variable z = 2% — b-ay):

dt =,

/ ! dr = 1
o Vr—a)b—z) JaVI-8

a 1 a1 b+
e a
dr = / dt = arccosh ,
/0 Via—z)(b—x) 1 Vir-1 b—a
b

1 b+a b—a
d — 5 — 3t b+ta

/a\/(ﬂﬁ—@)(b—x) Jaoviee 2

e b b
/ x dr = 22 qt= bra arccosh ta_ v ab.
o (a—z)(b—1x) 1 2 —1 2 b—a

From (4.25) we have

b+a —logc
b—a 2

arccosh

Applying this to (4.26) yields ab = 1, and thus

1-ve 1+

S

-
B
T
S

This agrees with (2.31).
In the second step, it can be shown that the function ¢'(z) has following
explicit integral representation (cf. [3, (758)]):

g'(2) = "vloaEob) de _/b (z—a)(z—b) V'(z)dx
o Via—o)b—z)r—2 Jo \Jz—a)b—x)27(z—2)

- (4.27)
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To calculate ¢'(z), we shall use the integral equality
do_ _ T , (4.28)
o V(@—a)b—a)T -2 (z—a)(z—b)

Set « = z—band 8 = z—ain (4.19), it follows from a change of variable s = z—x

that

b _ — —
log(z — x)dz :27Tlog\/Z a++vz b'

« Vo)1) 2

Differentiate both side of the last equation with respect to z, then (4.28) follows.
Form (2.31) and (4.28) we have

/ \/z—a )(z — ) x)dx :logc‘ (4.29)

V(z —a) q;)QTI'(:L‘—Z) 2

Applying this and (4.7) to (4. 27) gives

2(b+a)—2+2/(2—a) z—b —logc

g'(z) = —log 0 5

This is coincident with (2.34).
Finally, the equilibrium measure p(z)dx can be obtained from the equation

(cf. [3, (T11)]):

plr) = —— "2~ (4.30)

Since ab = 1, a direct calculation shows that

/ —z(b+a)+2+2\/(a—z)(b—2z) —logec
gi(x) = —log P Fim + 5

for 0 < z < a, and

/ z(b+a)+2+2i\/(r—a)b—z) —logc
gx(z) =—log w0 +—

z(b+a)—2 n —loge
z(b—a) 2
for a < x < b. Therefore, we obtain from (4.30) that p(x) =1 for 0 < = < a, and

P =5 xz(b—a)

for a < o < b. This agrees with formula (2.32).

= 7 arccos
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4.3 The function D(z)

We intend to show that as n — oo, the function D(z) defined in (2.109)
converges uniformly to the constant “1” for z bounded away from the origin.

Recall from (2.109) that

1 oM 1— —2nms—inf 1 1— —2nms+im
[ st st ey )
0

D(z) = —
(2) = exp {2m’ s+1z 5 —1z

Given any small e > 0, we will show that the integral in the brackets is uniformly

bounded by O(1/n) for |z| > . Without loss of generality, we only consider the

o] 1— —2nms—inf /2 0
/ Og( ¢ . )dS = / +/ = [1 + IQ.
0 S+z 0 /2

In view of the inequalities

integral

. . 0
log(1 — re”)| = |log |1 — re”| +iarctan&‘
—rcosf

— 10 - -

B & 1 —7rcosf

for any 0 < r < 1 and 6 € R, we obtain for any |z| > ¢,

; </€/2 |10g(1 _ 672n7r87i7r6)|d
S
= 0 |s + iz

1 €/2 672n7rs| qin Wﬁ|
< — —1 1— —2nms ds.
_5/2/0' |: Og( € )+ 1_6_2n7rSCOS7Tﬁ S
Since
€/2
/ [—log(1 — e 2"™)]ds < —¢/2 -log(1 — e "™) = O(e "™),
0
and
(
1 — e~ "7e
cosTf =0,
/5/2 eS| sin 3| 2nm
ds =
0 1 —e 2" cosf3 _
| sin 3 1 —e™cos B
0
\ 2nm cos 3 08 1—-cosf( cosmf3 # 0,
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we have as n — oo,
|L] = O(1/n).

To estimate the integral I, we deform the interval [¢/2,00) to a suitable
contour I' such that | +iz| > ¢/2 and Re( > ¢/2 for ( € I'. We also require
the length of '\ [¢/2,00) is less than or equal to me/2. If Re(—iz) < €/2 or
| Im(—iz)| > ¢/2, we choose I' to be the same as the interval [¢/2, 00). Otherwise,

when Re(—iz) > ¢/2 and |Im(—iz)| < &/2, set

I' = [e/2,Re(—iz) — d] Uy U [Re(—iz) + 9, 0],

where § = 1/(/2)? — (Im(—iz))? and  is the curve with two end points Re(—iz)+
d such that the distance between (—iz) and any point on ~ is /2. Therefore,
is the part of the circle

U(—iz,e/2) :={w e C: |w+iz| =¢/2}

in the upper (or lower) half plane with respect to —iz is in the lower (or upper)

half plane. By Cauchy’s theorem we have

I / lOg(l o 6—2n7r(—i7r6) dC
2 T C+ 12 '

By virtue of the inequality

, 7| sin 6| r r 2r
log(1 — re?)| < —log(1 — < =
| Tog( ret)| < —log( T)—i_l—rcosﬁ_l—r—i_l—r 1—r

for any 0 < r < 1 and 0 € R, we obtain

|10g(1 _ 672n7r§fi7rﬂ)|
L] < d

1 2672n7rReC
S ~/9 / —2nmw Re( |dC|
e/2 Jrl—e

4
/5 /B—QnﬂReC|d€|
T

- 1 — e~ nmE
4 00
S 1 /frwra |:/ 6_2nﬂ—ReC|dC| +/ 6_2n7TReC|dC|:|
- ¢ ~ €/2
< e |e nme €M
1—emme |2 2nm

=0(e "™).
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Coupling the estimates for I; and I5 implies for |z| > ¢,

e8] _ ,—2nms—inf
/ log(1 — e Jds = O(1/n).
0

s+1iz

Similarly, we can prove

e8] _ ,—2nmws+inf
/ log(1 — ¢ Vds = O(1/n).
0

S — 1z

Hence, applying the last two estimates to (2.109) yields
D(=) = 1+ 0(1/n),

which holds uniformly for z bounded away from zero.

4.4 The parameter ( of the Meixner polynomi-

als

In this section we intend to show that the assumption 1 < g < 2 in Theorem
2.21 can be replaced by 8 > 0. First, we prove that formula (2.133) in Theorem
2.21 is still true when ( is replaced by

B=p-1 (4.31)
or
By =pB+1. (4.32)

In view of Gauss’s contiguous relations for hypergeometric functions [1, (15.2.17)

and (15.2.20)], we obtain from (1.1) and (2.1) that

a(nz — B_/2) = %ﬁﬁ__/zﬂn(nzl —3/2)
Sz - 512), (4.33)

and

a(nz — 3, /2) %Cﬂn(n@ ~B/2) ~ —m(ne = /7). (434
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where
2y =z +1/(2n), 29 1=z — 1/(2n). (4.35)

If z belongs to the region Q! U Q> so do z; and zy. Therefore, applying (2.133)
to the two polynomials on the right-hand side of (4.33) gives

% (er\/T) 1
7rn(nz — 6_/2) = zn”eng(zl ( ) (Zl — b)1/4 |:1 + O(E)
/2

—_

o) é B) (\/22—a+vzz—b)ﬁ 1
ey ng(22 2 1 - )
znee (22 — a)Y4(z, — )1/ { + O(n)]

On account of (4.31) and (4.35), we obtain

- (1—ﬁ7)/2(@)ﬁ7 VE(zE—a+ vz —0)
(nz—ﬁ /2) = ) (z—a)1/4(z—b)1/4 2

« [eng(a)—ng(Z) _ 6%9(@)-%9(2)] [1 + O(l/n)] ) (4.36)

Also, we have from (4.35)

ng(z1) —ng(z) = ¢'(2)/2+ O0(1/n),  ng(z) —ng(z) = —¢'(2)/2+ O(1/n).

Thus, it follows from (2.34) that

em)mmIE) = N1+ O(1/n)], €279 = X114+ 0(1/n)], (4.37)
where
2b—a)/Ve
A . 4.38
Z(b+a)—2+2\/(2—a)(z—b)] )

In view of (4.11), we obtain
)\_z+1~|—\/ z—a)(z—b) { (b—a)/\/c }1/2
 VaWz—a+Vz—0b) [(l+a)(l+b)]
Since (b —a)/v/c= (14 a)(1+b) by (2.31), it is easily seen that

:z+1+\/(z—a)(z—b)
ViWz—a++vz—=b)
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and thus
2

VZ(Vz—a++Vz—b)
Applying this and (4.37) to (4.36) yields

A=Al =

Tp(nz — B-/2) = n"e"g(z)z(l_ﬁ_w(mgm)ﬁ_ {1 + O(l)] (4.39)
" B (z — a)/4(z — b)1/4 n’|’ '

On the other hand, by applying (2.133) to the two polynomials on the right-hand
side of (4.34), we obtain

1 ( )zé D2 (Lazatyz=byp 1
_ — n ng(z2 2 -
Tn(nz = B1/2) 1—c' © (29 — a)'/4(zy — b)1/4 [1 + O(n)
(1-8)/2 ( /zi—a+Vz1-b a+\/Z1
¢ nneng(zl) 1 ( )
l1—c (21 —a)1/4(21 —b)1/4

_

{1+O(

S|

)|
On account of (4.32), (4.35) and (4.37), we have

(1—B+)/2(—\/ﬁ+m)ﬁ+ 2/7/(1 - ¢)
nz — n" ng( ) 2
( 6—%/2) (z—a)1/4(z—b)1/4 \/z—a+\/z—b
x[ATh =M [1 + O(1/n)]. (4.40)

Since (b+ a) — v/c(b — a) = 2 by (2.31), we have from (4.38)
1—e)? 14+
Ve — cA (z +
A [(b+a —24+2y/(z—a) 1/2 a)/ /2
In view of (4.11), we obtain

)\—1_0/\:2(z—1+ (z—a)(z=0b)(z+1+ (z—a)(z—b)).
2(Vz—a+ vz =0)[(14a)(1 +b)]V2[z(b— a)/\/c]'/?

Since
(z=14+V(z—a)(z=b)(z+1++(z—a)(z—=b) =2(v/2—a+Vz—b)
and

[(1+a)(1 +B)]*[(b—a)/vVe]'/? = 4/(1 = ¢)

by (2.31), we have

Vz—a++vVz-10

N AT g
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Applying this to (4.40) gives

ZU*ﬁHﬂ(@)lﬂ 1
o) i) {1 + O(ﬁ)} . (4.41)

In view of (4.39) and (4.41), it can be shown by induction that formula (2.133)

Tn(nz — B /2) =n"e™)

in Theorem 2.21 is valid for all g > 0. Similarly, we could prove that formulas

(2.134)-(2.140) in Theorem 2.21 are also valid for § > 0.

4.5 The asymptotic formulas for the Meixner

polynomials

We first provide some numerical computations by using our results in The-
orem 2.21. Choosing ¢ = 0.5, it is easily seen from (2.31) that a ~ 0.17157
and b ~ 5.82843. We also fix # = 1.5. Since the polynomial degree n should be
reasonably large, we set n = 100. The approximate values of 7, (nz— (3/2) are ob-
tained by using the asymptotic formulas given in Theorem 2.21. We use formula
(2.133) for z = —1 and z = 100, formula (2.135)-(2.136) for z = £0.001, formula
(2.134) for z = 0.05, formula (2.137) for z = 0.171 and z = 0.172, formula (2.139)
or (2.140) for z = 2, and formula (2.138) for z = 5.828 and z = 5.829. The
true values of m,(nz — /2) can be obtained from (1.1) and (2.1). The numerical
results are presented in Table 4.1.

Now, we compare our formulas in Theorem 2.21 with those given in [16]

and [17]. We shall introduce two notations. Let
a:=z—[3/(2n) (4.42)
and
my(na; B,¢) == (1 = 1/¢)"mp(nz — 3/2). (4.43)

Two different asymptotic formulas for m,,(no; 3,c) are given in [16, (6.9) and

(6.27)]; both in terms of parabolic cylinder functions. To study the large and
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True value Approximate value
z=—1 1.99529 x 10233 1.99473 x 10?33
z = —0.001 8.36624 x 1087 8.35137 x 1087
z =0.001 3.07930 x 1087 3.07272 x 1087
z=0.05 —2.51701 x 10"°  —2.51507 x 10'®
z=0.171 —9.12697 x 10'™  —9.12530 x 10'™
z=0.172 —1.22035 x 10'™  —1.22003 x 107
z=2 —4.71541 x 10t —4.70772 x 102
z = 5.828 2.78146 x 10%% 2.78231 x 10%
z = 5.829 2.86933 x 10%° 2.87018 x 10%
z =100 2.16586 x 1039 2.16586 x 1039

Table 4.1 The true values and approximate values of m,(nz — 3/2) for ¢ = 0.5, 3 = 1.5 and
n = 100. Note that a ~ 0.17157 and b ~ 5.82843.

small zeros of the Meixner polynomials, these two formulas are transformed to
(2.35) and (4.19) in [17]. Here, we intend to show the equivalence between our
equation (2.138) and (2.35) in [17], and also the equivalence between our equation
(2.134) and (4.19) in [17].

In view of [17, (2.34)], we rewrite the formula [17, (2.35)] as

mn(na, Bv C) ~ (_1)n /27Tnn+1/6€n('y+n2/471/2)

xc V8(1 4 /)38 Ai(n*3(n — 2)), (4.44)

where v is a constant and 7 is a function of a. The constant v and the function

n could be solved from the following two equations (cf. [16, (3.12)-(3.13)]):

1—

alog . we/c log(—w,) = —logu_ +nu_ — u?® /2 + 7, (4.45)
1—w_/c 5

alog —log(—w-) = —loguy +nuy —ui /2 +7. (4.46)
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The saddle points wy and uy are given by (cf. [16, (2.5) and (3.8)])

l4ctac—aty/(I+c+ac—a) —dc
— 5 ,

W4
ur=n/2%/n*/4 - 1;

see also [17, (2.4)-(2.5)]. Adding (4.45) to (4.46) gives

+1
n2/4+7+1/2:—a

log c. (4.47)

Subtracting (4.45) from (4.46) yields

(/2)vn?/4—1+log(n/2 — /n?*/4 — 1)
Lo (l=w_fo)(l-wy) 1. w
=518 T w3 % (4.48)

From the definition of ¢-function in (2.37), we have ¢(b) = 0 and

(o) =1o alb+a) —2+2y/(a—a)(a —b)
¢'(a)=log o0 —a)

L (L—w /)1 —wy)

=_1
2 A —wi /o)1 —w)
where we have used
1—
a = Ve and b:1+\/z;
1+ +/c 1—4/c

see (2.31). Therefore, we obtain from (4.48)
o) = (n/2)v/n?/4 = 1+log(n/2 — /2[4 = 1).
Recall from [17, p.284] that n — 2 = O(n~%/3). We then have
2 3/2
o(0) ~ 2n—2)""
Applying this to (2.118) yields

F(a) ~n*3(n —2). (4.49)



Chapter 4. Appendix 107

A combination of (4.42)-(4.44), (4.47) and (4.49) gives
Tn(nz — 3/2) ~/2mnH6enenz/24n/245/4-1/6
X(1= )1+ VO I AIR(2)). (4.50)

Applying (2.45) to (2.118) implies

F(2) - 2n 2 o .2/3 —1/6/1 _ —4/3
po—™ <bm> =01 — ) (1 + ve) 7.

Therefore, we have
(—\/Z—CL-QF \/z—b)ﬁ + (—\/z—ag \/z—b)ﬁ
2(5—1)/2(2 — a)1/4(z — b)1/4F(Z)_1/4

~ V20 /OCPIATVS (1 \/e)¥3B . (4.51)

Moreover, it is easy to see that
(\/zfa+\/sz)ﬁ . (\/zfafx/sz)ﬁ
2

2 _ -1/6
2(5—1)/2(2 _ a)1/4(z _ b)1/4F1/4 - O(n ) (4'52)
From (2.21) and (2.38), we obtain
e’rw/2-i—nl/2 _ e—nc—nz/2+n/2(1 . C)—n. (453)

Hence, we can derive (4.50) again by applying (4.51)-(4.53) to (2.138). This
establishes the equivalence between (2.138) and [17, (2.35)].
Applying [17, (3.4)] and [17, (3.11)-(3.12)] to [17, (4.19)], we have
_ 2n"nla

(5,0 = 2 o {41 /)

<exp {n [~atoa(-n/2+ VFTT=0) = (/27T —a] }

na+1/2

P —;Z)(?/;i/—_lt—
X {sin nma [1 + O(%)} + 0(041/26250")} . (4.54)

Here again, 7 is a constant and 7 is a function of a. and they can be solved from
the two equations (cf. [16, (3.23)-(3.24)]):

1—
alogﬂ_logw_i_:—alogu++nu+—ui/2+’7, (455)

1—'LU+
1—w_/c

~—u logw_ = —alogu_ +nu_ —u® /2 + 7. (4.56)
—w_
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The saddle points wy and uy are given by (cf. [16, (2.5) and (3.22)])

l+ct+ac—at/(1+c+ac—a)?—4c
W4 = )

2
ur =n/2 £ /n*/4 — «a;

see also [17, (3.3)-(3.4)]. Adding (4.55) to (4.56) yields

1
/A +y=— logc—a/2+%loga. (4.57)

Subtracting (4.55) from (4.56) gives

(—n/2)\/n?/4 — a — alog(—n/2 + \/n?/4 — ) + a/2 log a
gl )
2 %8 (o fe— D) —w) -

(4.58)

Recall from (2.31) that

S

1— 1+4/c
T e and b= 1_\/_

Therefore, from the definition of ¢-function in (2.39) we have ¢(a) = 0 and

a =

¢ () =log AR ZZ)Q_\Q()G —a)(b— )

Ly (/e (1 —wy)

2 " (wyfe—1)(1—w_)

On account of (4.58), we otain

—d(a) = (—n/2) V2[4 — a — alog(—n/2 + /1P /4 — )

+(a/2)log a. (4.59)

Furthermore, a direct calculation shows that

—h(u_)
P —d0) =

In view of (4.42) and the equality

—ab+a)+2+42y/(a—a)b—a) (1 ) (\/b—a+\/a—a)2

= —val(a—a)(b— o) V(1 —w )P (4.60)

b—a 2
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we have

exp{—ne(a) +ng(2)}
= exp{(8/2)¢/ (@) + O(1/n)}

B2
_ [—a(b—ka)—kzz;Z_\/a()a—a)(b—a)] {HO(%)}

—a BRI — )P (*/b —a J; va - a)ﬁ {1 + O(%)] . (4.61)

It can be shown by Stirling’s formula that

2n"n)!
I'(na+1)

Applying (4.57) and (4.59)-(4.62) to (4.54) gives

1
Oéna+1/2efna/2 — 2nnefn+na/2 |:1 + O(_>‘| . (462)
n

a(lfﬂ)/2(_\/m;\/ﬁ )8
[(a —a)(b— )]/
x{ sinnmo {1 + 0(%)} + O(a—1/26—26°”)}, (4.63)

mn<na7 ﬁ? C) = _2771”67”07“&/275/47”/2eing(z)

which is exactly the same as (2.134) in view of (4.42), (4.43) and (4.53).

4.6 The asymptotic formulas for some

g-orthogonal polynomials

We first compare our formulas for three classes of g-orthogonal polynomials
in Section 3.3 with those given in [15]. We only take the ¢~'-Hermite polynomials
for example. Similar arguments go for the Stieltjes-Wigert polynomials and the
g-Laguerre polynomials. Recall that the scale for the ¢g~!-Hermite polynomials is
given by

z =sinh¢ := (¢ "u — ¢"'ut)/2

with u # 0 and t > 0. For ¢t > 1/2 and |u| > 1/R, where R > 0 is any fixed large

number, from (3.21) we have

hn(sinh €|q) = u"q " [A (u™2g V)

+Aq7n(u_2q”(2t_1)) — Aq(u_2q”(2t_1)) + 7t u)] (4.64)
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Given any small 6 > 0, we intend to show
| Ag(u2g" D) — Ay (u2q"* ) 1y (8, w) | = O(g" ).

On the one hand, since ¢ > 1/2 and |u| > 1/R, we have |[u~2¢"*~1| < R?. From

the definition of the ¢-Airy function (1.8) and the ¢g-Airy polynomial (1.10) we

obtain
o k2
— n — — n — — n _ k
‘Aq,n(u 24 (2t 1))—Aq(u 24 (2t U)}S Z q ‘u 2 (2t 1)}
W (G
o0 qk2
S RQk“
; (43 9)
In terms of the half ¢-Theta function (3.5), we have
& k2 0 (n+1)2 n2R2n
q 2k q ontor 4 +( 2 P2y _ n2(1-5)
; (43 @)oo ; (43 @)oo (43 @)oo (0" =0 )
and thus
|Aq’n(u72qn(2t71)) o Aq(uqun@tfl))‘ _ O(an(lfé)). (465)

On the other hand, since |u|72¢"**~1) < R? we have from (3.22) that

n(1-38) 3n2§2—2n5R2(|_3n5J+1)
q —2 n(2t—1) q +( 4nd P2
ro(t,u)| < ———A,(—|u|""q + 0 (¢"R
[ra(t, W)l < = Agn(=lu] ) (G 0)m g ( )
qn(1—35) 2o
< Tqu,n(_RQ) + O(q3n ’ (1_5))
_ O(qn(1—36))_ (4.66)

Applying (4.65) and (4.66) to (4.64) yields
ha(sinh €]q) = u"q ™" [Ay(u=2q" D) + O(q" 3]

for any small § > 0. This improves the formula in [15, Theorem 2.1], where
their error estimate is O(¢™?). Furthermore, when 0 < ¢ < 1/2, we give a single
formula (3.23), whereas it takes two formulas in [15] to cover this case, one when

t is rational and the other when t is rational. Here, probably it should also be
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pointed out that the reason why the error estimate in [15, Theorem 2.1] is only

O(n~'logn) when t is irrational is because of the fact that
O,(¢"") = ©y(1) = O(n"'logn).

In the second part of this section, we intend to show that formula (3.21),
together with the error estimate (3.22), can be reduced to formula (3.23) in the
case when 1/2—9§ <t < 1/2and 1/R < |u| < R, where the constants ¢ € (0,1/4)
and R > 0 are fixed. It follows from (3.21) and (3.22) that

ha(sinh lg) = w'q ™ [Agn(u~2g"® D) 4 ro(t,u)] (467)
where
qn(1—3§)
|7 (2, u)| < 1 Aq7n(_|u|_2qn(2t_1))
—q

q3n262—2n5 R2([3n8]+1)

4nd 2
D O, (¢ R?). (4.68)

Set m := |n(1/2 —1t)]. Since 1/R < |u| < Rand 0 < 1 —2t < 2§ < 2, the
conditions of (3.8) in Proposition 3.4 are satisfied with ¢ replaced by 1 —2¢. Thus

we obtain

and
(jul~2q =020y
(¢: )0
B2 20) 1 09| (a0

Agn(=Jul 20 720) =

Applying (4.69) to (4.67) gives

m, nN—zazm —712 —mn(l— —m
(=1)™u gt [n(1=2t)=m} 0,(— —2 2m—n(1—2t))
(4;9) e

m(1—9 (q,q)oorn(t,u)
+0(q (1 ))+ (Cu—2g—n=2D)mg® | (4.71)

hn(sinh &|q) =
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Similarly, applying (4.70) to (4.68) yields

n(1-39) 2 2 1-2t 1-5
el 4 0

q3n25272n6 R2(13nd]+1)
(|U|—2q—n(1—2t))mqm2 ®q (

(43 @)ocrn(t, )
(_u—2q—n(1—2t) )mqm2 —

q

- " R?). (4.72)

Since |u| < R and 1/2 —§ <t < 1/2 by assumption, we have
= [n(1/2 — )] < 6] < nd,

and thus
q3n252—2n5 R2(13n8]+1)

3n282—2n6—m? R2(|3nd|+1+m) __ 2n252(1-6)
< R = 0O(q ).
<|u’—2q—n(1—2t))mqm2

Applying this to (4.72) gives

(4 @)oot u) n(1—35) n(1—38)+m(1—3) 2n252(1-5)
(—u—2q—7(1=20))mgm? =0(g ') +0(q ) +0(q )-

Since 0 € (0,1/4), we obtain
m(l—39) <m < nd <n(l—39),

and thus

(@5 @)oorn(t, u)

_ m(1-9)
(—u-2g—r(=20)mgm? | — O(q ). (4.73)

Finally, coupling (4.71) and (4.73) yields

Sn<Z; Q) — @q( u—2q2m n(1— 2t))+0( m(1— 6)) 7

(—u)r=mgr*(1=0-min(1-20)=m]

(45 Dn (43 D)oo [

which agrees with (3.23). Similar arguments can be given to the results for the

Stieltjes-Wigert polynomials and the g-Laguerre polynomials in Theorem 3.6 and
Theorem 3.7.

Finally, recall the scale z := ¢ ™"u for the Stieltjes-Wigert polynomials and

the g-Laguerre polynomials. Note that we only consider the case ¢t > 1 in Theorem
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3.6. Actually, when ¢t < 1, similar results can be obtained by the symmetry

relation of the Stieltjes-Wigert polynomials:
Sulg "us ) = (—u)"q" S, (g,

For the ¢-Laguerre polynomials, there is no such kind of relation formula. How-

ever, if 0 < ¢t < 1, we can apply Theorem 3.3 to (3.20) with

=1-1t/2, m=|nl], gu(k)=k*—2nlk+ m(2nl —m),
falk) = (@8 Qi@ (@ ooy 2= —uTlg, =1, M =1,

by=2(m—nl), L=2, As;=08(1-06), n,(0)=3¢"""19/(1—gq).

Thus, we obtain
(—uge)r—mgn* (=) =min(2—)=m]
(45 Dn (43 Doo
X @q(—u_lqgm_"@_t)_“) +O(q"(1_l_6)) , (4.74)

L(zq) =

where [ :=1—1t/2, m := |nl| and § > 0 is any small number. The asymptotic

formula holds uniformly for u € Tg := {2 € C: R~ < |2| < R}, where R > 0 is
any large real number.

Note that when 0 < ¢ < 1, we could also apply Theorem 3.3 to the sum (1.7)

n a+k+1.

oy, — (q ?q>n*k kr+ak( —nt,, k
Falza) kz:% (@ D)@ @ (=)

with

[=t/2, m=|nl], gu(k)=k2—2nlk+m2nl—m),

Falk) = (@™ Qi (@ k(T @)ooy 2= —ug®, =1, M =1,

by =2(m—nl), L=2, As=08(1-26), n.(8) =3"9/(1—q).

Thus, we obtain

(_uqoe)mq—rh[nt—fn]

(¢ On(T @)oo

Lo (zq) = Oy (—ug?™ ") 1+ O(¢" )|, (4.75)
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where | := t/2, m = LnlNJ and § > 0 is any small number. The asymptotic
formula holds uniformly for u € T := {z € C: R™' < |z| < R}, where R > 0 is

any large real number. By (1.9) we have
O4(2) = 6,(1/2)

for any z € C. Therefore, it follows from m + m = n and [+ = 1 that the

asymptotic formulas (4.74) and (4.75) are exactly the same.
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