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Abstract

This thesis presents a bridging analysis for combining the modeling
methodology of quantum mechanics/relativity with that of elasticity. Using the
symplectic method that is commonly applied in quantum mechanics and relativity, a
new symplectic elasticity approach is developed for deriving exact analytical
solutions to some basic problems in solid mechanics and elasticity that have long
been stumbling blocks in the history of elasticity. Specifically, the approach is
applied to the bending problem of rectangular thin plates the exact solutions for
which have been hitherto unavailable. The approach employs the Hamiltonian
principle with Legendre’s transformation. Analytical bending solutions are obtained
by eigenvalue analysis and the expansion of eigenfunctions. Here, bending analysis
requires the solving of an eigenvalue equation, unlike the case of classical mechanics
in which eigenvalue analysis is required only for vibration and buckling problems.
Furthermore, unlike the semi-inverse approaches of classical plate analysis that are
employed by Timoshenko and others in which a trial deflection function is
predetermined, such as Navier’s solution, Levy’s solution, or the Rayleigh-Ritz
method, this new symplectic plate analysis is completely rational and has no guess
functions, yet it renders exact solutions beyond the scope of the semi-inverse
approaches. In short, the symplectic plate analysis that is developed in this paper
presents a breakthrough in analytical mechanics, and access into an area

unaccountable by Timoshenko’s plate theory and other, similar theories. Here,



examples for rectangular plates with 21 boundary conditions are solved, and the
exact solutions are discussed. Specially, a chapter on benchmarks of uniformly
loaded corner-supported rectangular plate is also presented. Comparison of the
solutions with the classical solutions shows excellent agreement. As the derivation of
this new approach is fundamental, further research can be conducted not only for
other types of boundary conditions, but also for thick plates, vibration, buckling,
wave propagation, and so forth. Remarks and directions for future work are given in

the conclusion.
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Chapter 1 Introduction

1.1 Background

Rectangular thin plates are initially flat structural members that are bounded
by two parallel planes. The load-carrying action of a plate is similar, to a certain
extent, to that of a beam or cable. Thus, plates can be approximated by a grid work
of an infinite number of beams or by a network of an infinite number of cables,
depending on the flexural rigidity of the structures. The two-dimensional structural
action of plates results in lighter structures, and therefore offers numerous economic
advantages. The plate, originally flat, develops shear force and bending and twisting
moments to resist transverse loads. Because the loads are generally carried in both
directions and because the twisting rigidity in isotropic plates is quite significant, a
plate is considerably stiffer than is a beam of comparable span and thickness.
Therefore, thin plates combine a light weight and an efficient form with a high load-

carrying capacity, economy, and technological effectiveness.

Because of the distinct advantages that are discussed above, thin plates are
extensively used in all fields of engineering. Plates are used in, for example,
architectural structures, bridges, hydraulic structures, pavements, containers,

airplanes, missiles, ships, instruments, and machine parts.



1.2 History of research on thin plate bending

As plates have such important applications, research on plates is abundant
and plate bending has been a subject of study in solid mechanics for more than a
century. Here gives a brief review of the history of research on thin plate bending.
This section will be divided into two parts. In part one: previous research work is
reviewed for the plates with different boundary condition. While the approximation

methods for solving the bending problems of the plates are introduced in part two.

1.2.1 Thin plates with various boundary conditions

Firstly, analytical and numerical methods that have been developed to solve
the bending problems of a rectangular thin plate under various boundary conditions

are reviewed, and are shown in the following sub-sections.

1.2.1.1 Plates with two opposite sides simply supported

Early in 19" century, Navier (1823) used the double trigonometric series to
obtain the first solution to the problem of the bending of simply supported
rectangular plates. Lévy (1899) suggested an alternative solution for the bending of
rectangular plates that have two opposite edges simply supported. The
transformation of the double series of the Navier solution (Navier, 1823) into the
simple series of Lévy’s solution (Lévy, 1899) was presented by Estanave (1900).
Later, Nadai (1925) simplified Levy’s solution (Lévy, 1899) for uniformly loaded
and simply supported rectangular plates. A more convenient form to satisfy some

particular boundary conditions was suggested by Papkovitch (1941). The deflection



of plates by a concentrated load was investigated experimentally by Bergstrasser
(1928), which can also be found from the work of Newmark and Lepper (1939). The
bending problems of a plate with simply supported opposite sides are the easiest

problems to solve, and exact solutions are available for this type of plate.

1.2.1.2 Plates with all sides built in

The first numerical results for calculating stresses and deflections in clamped
rectangular plates were obtained by Koialovich (1902) in his doctorate dissertation.
Later, Boobnoff (1902, 1914) obtained the deflections and moments in uniformly
loaded rectangular plates with clamped edges. Approximately during the same
period of 1913 to 1915 the problem of bending of the clamped rectangular plate was
addressed in the remarkable dissertation by Hencky (1913) and in papers by Happel
(1914) and Galerkin (1915 b). In these three works rectangular plates with both the

uniform load and the concentrated load at the centre were considered.

All authors in above mentioned literature used the superposition method. But
with the systems of the trigonometric functions that complete different from
Koialovich (1902) and Boobnoff (1902, 1914), the justification of the traditional way
of solving the infinite system by the method of reduction was obtained later by Leitz
(1917) and March (1925). Hencky’s solution (Hencky, 1913) was independently
obtained later by Sezawa (1923), Marcus (1932) and Inglis (1925). It appeared that
even one term in each of Fourier series with only integral satisfaction of the
boundary condition for the slope can provide a reasonable value for the deflection at
the centre. Hencky's method (Hencky, 1913) was well known to converge quickly
but does pose some slightly tricky issues with regard to programming due to

over/underflow problems in the evaluation of hyperbolic trigonometric functions



with large arguments. While Szilard (1974) developed the double cosine series
method which is devoid of the over/underflow issue but is known to converge very
slowly. An experimental investigation for that problem was also done by Laws

(1937).

Other solutions for the plate with all edges clamped under various cases of
loading are due to Nadai (1925), Evans (1939), Young (1940), Weinstein and Rock

(1944), Funk and Berger (1950), Grinberg (1951), Girkmann and Tungl (1953).

More recently, Meleshko (1997) addresses the fascinating long history of the
classical problem of bending of a thin rectangular elastic plate with clamped edges
by uniform pressure and reviewed various mathematical and engineering approaches
for that problem. Although research on the clamped plate is numerous, only

numerical approaches have been developed up to now.

1.2.1.3 Corner supported rectangular plates

Some earliest attempts on corner supported rectangular thin plates were due
to Nadai (1922) and Marcus (1932), respectively in the 1920s and 1930s, who
presented their solutions by means of numerical methods for a specific Poisson’s
ratio. A couple of decades later, Galerkin (1953) attempted to solve a rectangular
plate with four edges elastically supported. By taking the stiffness of support to
approach zero, he presented asymptotic bending solutions for corner supported plates
with free edges. The earliest comprehensive analyses was presented by Lee and
Ballesteros (1960) who adopted a semi-inverse approach by using a predetermined
trial function to approximate the plate deflection which similar to that of

Timoshenko and Woinowsky-Krieger (1959) while the unknown constants were



determined by the boundary conditions. The trial functions satisfied the geometric
boundary conditions at the outset while the natural boundary conditions were
enforced in an integral sense along the boundary. Subsequently, Pan (1961) proved
that the results of Lee and Ballesteros (1960) were in reasonable agreement with that

of Galerkin (1953).

Later in the end of 1980s, Shanmugam et al. (1988, 1989) used the
polynomial deflection function to solve the corner supported plates with rhombic
(Shanmugam et al.1988) and triangular shapes (Shanmugam et al.1989). The
vibration of corner supported thick Mindlin plate was investigated by Kitipornchai et
al. (1994) who employed a hybrid numerical approach combining the Rayleigh-Ritz
method and the Lagrange multiplier in order to impose zero lateral deflection
constraints at plate corners. More recently, Wang et al. (2002) discussed the
problems and remedy of the Ritz method in solving the corner supported rectangular
plates under transverse uniformly distributed load. They showed that the Ritz method
fails to predict accurate stress resultants and, in particular, the twisting moment and
shear forces. Because the natural boundary conditions are not completely satisfied,
they proposed to use the Lagrange multiplier method to ensure the satisfaction of the
natural boundary conditions and a surface-smoothing technique to post-process the
solution to eliminate the oscillations in the distribution of stress resultants. This type

of plate is the most difficult one to deal with and no exact solutions exit.

1.2.1.4 Cantilever plates

Cantilever plates are another important structural element. Holl (1937) firstly
used the method of finite difference to obtain a solution of a cantilever plate with

concentrated load acting at the middle of the long free edge. The ratio of the clamped



edge to the adjacent free edge of the plate is equal to four. Later, Jaramillo (1950)
made further calculations of an infinite cantilever plate by placing the concentrated
load respectively at distance 1/4, 1/2, 3/4 of the depth of the plate. With the finite
difference method, Nash (1952) extended the bending solutions for rectangular
cantilever plate with uniformly loaded condition. This problem is also solved by
Barton (1948), Macneal (1951), Livesly and Birchall (1956) separately with the
finite difference method. Besides the finite difference method, point-matching is
another popular approach which was developed by Nash (1952) for the bending
problem of the cantilever plate. Algebraic polynomial and hyperbolic-trigonometric
series were used by Nash (1952) for the cantilever plate. Leissa and Niedenfuhr
(1962 a) presented the solution for the uniformly loaded cantilevered square plate
using two approaches in their paper: point matching, using an algebraic-

trigonometric polynomial, and a Rayleigh-Ritz minimal-energy formulation.

Besides the approaches mentioned above, Shu and Shih (1957) were the first
to use the generalized variational principle for the elastic thin plate. They attempted
to get a solution of the same problem solved by Nash (1952). Later, this variational
principle was also used by Plass ef al. (1962) to work out a solution for a uniformly
loaded square cantilever plate. Recently, with the advent of computer the method of
finite elements was used to track this old problem. Different from the above
approximate methods, Chang (1979, 1980) derived the analytical exact solution for
bending of both the uniformly loaded and concentrated loaded cantilever rectangular
plates by using the idea of generalized simply supported edge together with the
method of superposition. Both analytical exact solution and numerical approximate

solution are available for the cantilever plates.



1.2.1.5 Other types of plates

The problem of the uniformly loaded square plate with two adjacent edges
free and the others clamped was solved by Huang and Conway (1952). This involved
a skillful superposition of five problems and the partial solution of an infinite set of
simultaneous equations. Yeh (1954) employed the Rayleigh-Ritz method to
generalize this same problem by including the reaction due to an elastic foundation.
Leissa and Niedenfuhr (1962 b) established the solutions for the problems of a
square plate with two adjacent edges free and the others clamped or simply
supported subjected to either a uniform transverse loading or a concentrated force at
the free corner by the point-matching approach. Exact solution is unavailable for the

plates with such boundary conditions.

A plate with some edges simply supported and the others clamped can be
solved by superposing appropriate Lévy’s solutions (Lévy, 1899) for a simply
supported plate: one corresponding to the given load and the others corresponding to
fixed end moments which are adjusted such that the net normal slopes are zero.
Many such solutions were presented in elaborate detail by Timoshenko and

Woinowsky-Krieger (1959)

In recent years, with the popularity of the approximate methods, these types
of plates are always solved by boundary collection method (Timoshenko and
Woinowsky-Krieger, 1959; Finlayson, 1972; Kolodziej, 1987; Johnson, 1987,
Hutchinson, 1991), finite element method (Courant, 1943; Turner et al., 1956;
Argyris et al., 1964; Gallagher, 1975; Zienkiewicz, 1977;Hughes, 1987), Ritz
method (Ritz, 1909; Washizu, 1968; Szilard, 1974) etc. Details of these methods and

their limitations will be presented in the next session.



1.2.2 Approximate methods for the solution of plate bending

According to the above literature review, the analytical exact solutions are
only applicable to some simple cases. If these conditions are more complicated, the
classical analytical methods become increasingly tedious or even impossible, in such
cases, approximate methods are the only approaches that can be employed for the
solution of practically important plate bending problems. These approximate

methods may be divided into two groups: indirect methods and direct methods.

Indirect methods enable us to obtain numerical values of unknown functions
by direct discretization of the governing differential equation of the corresponding
boundary value problem. Well-known methods such as the finite difference method,
the method of boundary collocations, the boundary element method, and the

Galerkin method are belong to that category.

Direct methods use the variational principle for determining numerical fields
of unknown functions, avoiding the differential equations of the plate. Ritz method

and finite element method are the direct methods.

1.2.2.1 Finite difference method (FDM)

This is a method of the solution of boundary value problems for differential
equations (Salvadori and Baron, 1967; Wang, 1969). A set of linear algebraic

equations written for every nodal point within the plate are obtained.

The limitations of this method:

» It requires mathematically trained operators;

» It requires more work to achieve complete automation of the procedure in



program writing;
» The matrix of the approximating system of linear algebraic equations if
asymmetric, causing some difficulties in numerical solution of this system;
» An application of the FDM to domains of complicated geometry may run

into serious difficulties.

1.2.2.2 The boundary collocation method (BCM)

The BCM solution (Finlayson, 1972; Hutchinson, 1991; Timoshenko and
Woinowsky-Krieger, 1959; Kolodziej, 1987; Johnson, 1987) is expressed as a sum
of known solutions of the governing differential equation, and boundary conditions
are satisfied at selected collocation points on the boundary. Thus, the obtained
solution satisfies the governing differential equation exactly and the prescribed

boundary conditions only approximately.

The limitations of the BCM:

» Itis limited to linear problems;
» A complete set of solutions to the differential equations must be known;
» The matrix is full and sometimes ill-conditioned, and a known arbitrariness

exists in the selection of the collocation points.

1.2.2.3 The boundary element method (BEM)

The BEM (Tottenham, 1979; Hartmann, 1991; Brebbia et al.,1984; Banerjee
and Butterfield, 1981; Ventsel, 1997; Krishnasamy et al., 1990) reduces a given

boundary value problem for a plate, in the form of partial differential equations to



the integral equations over the boundary of the plate. Then, the BEM proceeds to

obtain an approximate solution by solving these integral equations.

The limitations of BEM:

» The method requires that a fundamental solution of a governing differential
equation or Green’s function be represented in the explicit analytical form.
For the plate bending problems discussed, the fundamental solution is of the
very simple analytical form. If the above mentioned fundamental solution is
more awkward than for plate bending problems, the BEM formulation and
numerical approximation becomes less efficient.

» The matrix of the approximating system of linear algebraic equations is full

matrix, which causes some difficulties in its numerical implementation.

1.2.2.4 The Galerkin method

Galerkin method (Galerkin, 1915a) is a class of methods for converting a
differential equation to a discrete problem. In principle, it is the equivalent of
applying the method of variation to a function space, by converting the equation to a

weak formulation.

The limitation of the Galerkin method:

» Itis difficult to find the trial functions for some boundary conditions.

1.2.2.5 The Ritz method

The Ritz method (Ritz, 1909; Washizu, 1968; Szilard, 1974) is among the
variational methods that are commonly used as approximate methods for the

solutions of various boundary value problems in mechanics.
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The limitation of the Ritz method:

» The Ritz method can be applicable only to simple configurations of plates
(rectangular, circular, etc.), because of the complexity of selecting the Ritz
trial functions for domains of complex geometry.

» The Ritz method approximation results in the full matrix of linear algebraic

equations that produces some difficulties in its numerical implementation.

1.2.2.6 The finite element method (FEM)

According to the FEM (Courant, 1943; Turner et al., 1956; Argyris et al.,
1964; Gallagher, 1975; Zienkiewicz, 1977; Hughes, 1987), a plate is discretized into
a finite number of elements which connected at their nodes and along interelement
boundaries. The equilibrium and compatibility conditions must be satisfied at each
node and along the boundaries between finite elements. To determine the above-
mentioned unknown functions at nodal points, variational principle is applied. As a
result, a system of algebraic equations is obtained. Its solution determines the state of

stress and strain in a given plate.

The limitation of FEM:

» The FEM requires the use of powerful computers of considerable speed and
storage capacity.

» It is difficult to ascertain the accuracy of numerical results when large
structural systems are analyzed.

» The method is poorly adapted to a solution of the so-called singular
problems (e.g., plates and shells with cracks, corner points, discontinuity

internal actions, etc.), and of problems for unbounded domains,
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» The method presents many difficulties associated with problems of C'

continuity and nonconforming elements in plate (and shell) bending analysis.

1.2.2.7 Closure

Although the numerical methods developed well in the history, analytical
exact solutions are essential to develop. In addition, analytical exact solutions enable
one to gain insight view into the variation of stresses and strains with basic shape
and property changes, and provide an understanding of the physical plate behavior
under an applied loading. And they can be used as a basis for incisively evaluating
the results of approximate solutions through quantitative comparisons and order-of-
magnitude bounds. In this study, the symplectic method is used to derive the exact
solution. It is applicable to different kinds of rectangular thin plates and the

procedure is identical with all the 21 boundary conditions.

1.3 History of symplectic method

Symplecticity is a mathematical concept of geometry. A symplectic group is
a classical group and it was first used and defined by Weyl (1939) by borrowing a
term from the Greek. The theory on symplectic geometry can be referred to Koszul
and Zou (1986). Since then, the use of symplectic space has been exploited in a
number of fields in physics and mathematics for many years particularly in relativity
and gravitation (Kauderer, 1994), and classical and quantum mechanics (De Gosson,
2001) including the famous Yang-Mills field theory (Krauth and Staudacher, 2000),

etc. In elasticity and Hamiltonian mechanics, the computational approach for
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symplectic Hamiltonian systems including fluid dynamics was first developed by

Feng and his associates. (Feng, 1985, 1986a, 1986b; Qin, 1990; Feng and Qin, 1991).

Beginning from 1984, Feng proposed symplectic algorithms based on symplectic
geometry for Hamiltonian systems with finite and infinite dimensions, and on
dynamical systems with Lie algebraic structures, such as contact systems, source free
systems, etc, via the corresponding geometry and Lie group. These algorithms are
superior to conventional algorithms in many practical applications, such as celestial
mechanics, molecular dynamics, etc. The contribution of Feng and his associates
(Feng, 1985, 1986a, 1986b; Qin, 1990; Feng and Qin, 1991) in symplectic algorithm
was particularly significant and important as stated in a memorial article dedicated to

him by Lax (1993).

Unlike Feng and his associates who emphasized on computational algorithm,
Zhong, Yao and their colleagues (zhong, 1991,1992; Yao and Yang, 2001; Yao et al.
2007) developed a new analytical symplectic elasticity approach for deriving exact
analytical solutions to some basic problems in solid mechanics and elasticity since
the early 1990s. These problems have long been bottlenecks in the development of
elasticity. It is based on Hamiltonian principle with Legendre’s transformation and
analytical solutions could be obtained by expansion of eigenfunctions. It is rational
and systematic with a clearly defined, step-by-step derivation procedure. The
advantage of symplectic approach with respect to the classical approach by semi-
inverse method is at least three-fold. First, the symplectic approach alters the
classical practice and concept of solution methodology and many basic problems
previously unsolvable or too complicated to be solved can hence be resolved
accordingly. For instance, the conventional approach in plate and shell theories by

Timoshenko has been based on the semi-inverse method with trial 1D or 2D

13



displacement functions, such as Navier’s method (Navier,1823) and the Lévy’s (Lé
vy, 1899) method for plates. The trial functions, however, do not always exist except

in some very special cases of boundary conditions such as plates with two opposite
sides simply supported. Using the symplectic approach, trial functions are not
required. Second, it consolidates the many seemingly scattered and unrelated
solutions of rigid body movement and elastic deformation by mapping with a series
of zero and nonzero eigenvalues. Last but not least, the Saint-Venant problems for
plain elasticity and elastic cylinders can be described in a new system of equations
and solved. The difficulty of satisfying end boundary conditions in conventional
problems which could only be covered using the Saint-Vanent principle can also be

solved.

1.4 Objective of study

The research on bending solutions of rectangular thin plates by symplectic
elasticity approach is mainly contributed by Yao et al. (2007). In that book, the
eigenvalue, eigenvector and the general expression for the bending solution have
been established for plates with opposite sides simply supported, opposite sides
clamped and opposite sides free. However, the illustration of the symplectic
treatment on the x direction is not enough and the plates with other types of
boundary conditions such as plates with opposite sides unsymmetrical are not
mentioned in this book. In addition, exact bending results are available only for two
cases of plates (plates with all edges simply supported and plates with all edges
clamped) in that book. In order to further complete the research on symplectic

approach for rectangular thin plate bending, this thesis establishes the exact bending
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solutions for 21 boundary conditions with numerous results listed in the tables.
Convergence and comparison studies are conducted to test the stability and

reliability of this approach.

1.5 Scope of study

The thesis begins with a brief review of some of the previous works on the
rectangular thin plate bending problems and the development of symplectic method.
In Chapter 2, the basic formulation of symplectic method and Hamiltonian system is
introduced; general symplectic solution for rectangular thin plates is established
(Yao et al., 2007). There are totally 21 boundary conditions for rectangular plates
with different combinations of clamped, fixed and free edges. The plates are divided
into four categories: plates with two opposite sides simply supported, plates with two
opposite sides clamped, plates with two opposite sides unsymmetrical and corner
supported plates. These cases will be discussed in Chapter 3 to Chapter 6
consequently. Based on the research work of Yao et al. (2007), the exact bending

solutions are newly developed.

In Chapter 3, the problems considered are plates with two opposite sides
simply supported. It is a well developed subject and symplectic solution is presented

here to verify the validity of the method.

The symplectic solutions for plates with two opposite sides clamped, plates
with two opposite sides unsymmetrical are derived in Chapter 4 and Chapter 5

respectively. The convergence study for symplectic method is performed for these



two cases and the results are compared with those calculated by finite element

software ABAQUS".

The corner supported rectangular plate presented in Chapter 6 is a very
popular structural element and its bending problem is the most difficult one among
these 21cases. More treatments are carried out on the boundary with symplectic
method. Convergency and comparison studies are conducted and the contour plots

are presented to give a bird view of the overall results.

Chapter 7 summarizes the results and explores the possibilities of future

researches and applications in the related problems.
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Chapter 2 Fundamental Formulation of

Symplectic Elasticity

2.1 Introduction

In this chapter, a set of fundamental equations for the classical bending
theory of thin plate is presented. The Pro-Hellinger-Reissner variational principle
and the multi-variational principle are then established for bending of thin plates.

The Hamiltonian system and its symplectic geometry theory are directly applied to

the thin plate bending problem to derive a system of Hamiltonian symplectic solution.

Consequently the thin plate bending problem can be analyzed using a rational
Hamiltonian approach. This part of research is from Yao et al. (2007) and shown

here for the completeness of the current study.

2.2 Symplectic formulation

Thin plate is a plate with a ratio of thickness to minimum characteristic
dimension smaller than 1/100 in general. The neutral plane is normally assigned as
the xy-plane with the positive direction of the z -axis pointing downwards. If the
deflection of the plate is considerably smaller than the plate thickness, it is a small

deflection problem.
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The basic assumption of small deflection theory of thin plate was first
established by Kirchhoff and hence it is called the Kirchhoff Hypothesis. It states
that a straight line normal to the neutral plane remains straight and normal to the
deflected plane after deformation. Besides, the length of line is invariant before and

after deformation which is commonly known as transverse inextensibility.

According to this hypothesis, it can be derived that
Ve=7,.=¢6.=0 2.1
Where y,. y,. are shear train and & is the normal strain. It can also be deduced that
there is only transverse displacement w during bending for every point on the
neutral plane. Bending occurs without displacements along the x -direction and y -

direction on the neutral plane.

Hence
(u)Z:O = (v)z:o =0, (W)Z:O = w(x,y) (2.2)
Where u,v are the displacement at the x and y directions respectively. As ¢, =0, the

displacement w is independent of the transverse z -coordinate and it is only a

function of the in-plane coordinates x and y, or

w=w(x,) (2.3)
As we have known

Ve=7,.=0 (2.4)

And the train-displacement relationship is given by

ou ov ow
B 6Ty e
g 2.5)
_ouw ov.o _Ou owo - _Ov 0w

5

= + ; = + ; . +
Yo Sy T T e e Tt e oy
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Where It can be deduced that

ou ow Ov_ ow

=== === (2.6)
0z ox 0Oz oy
From Eq. (2.2) and Eq. (2.6)
uz—za—w, v:—zﬂ 2.7)
ox oy
Applying the geometric relations (2.5) yields
& =—zK, &, =-zK, ¥, =2zK, (2.8)
Wherey,. y,. andy,, are the shear stains, &, ¢, and ¢_ are the normal stresses.
2 2 2
AL i P . 2.9)
ox Yoy Y OxOy

are curvature and twisting curvature of the plate, respectively. Eq. (2.9) shows the
relationship between the curvature and deflection.
Since the normal stress perpendicular to the neutral plane is considerably

small and negligible as compared witho,o, andz,, the stress-strain relations can

be simplified as

E
o,.= 1_V2 (8x +V5y)
E
o, = P (6‘}, +vgx) (2.10)
B E
° o0y

Where o, ,0,, o, are the normal stresses, v is Poisson’s ratio, 7, is the shear

y b
stress E is the Yong’s modulus and G is the shear modulus. Substituting Eq. (2.8)

into Eq. (2.10) yields
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. Ez
O'x——l_v2 (K‘ +VK‘y)
Ez
O'y:—l_vz(lcy—kwcx) (2.11)
_ Ez
R
F A

T - _-- [ ___|__
%A M, -
J

/'/ Fy ]4)6

Fig. 2.1 Directions of positive internal forces on plate

The normal stresses on the side of element result in a couple of forces (i.e. bending

moment). Figure 2.1 shows the direction of positive internal forces.

The moment per unit length is

h/2

M, =I_hh//22(—0xz)dZ:D(’9 +vi, ) (2.12)
My - J:h/z(_ayz)dz - D(Ky +VKX)

where D is the flexural rigidity (bending stiffness) of the plate and can be expressed

as

ER’

D=12(1—v2)

(2.13)

Where h is the plate thickness. The shear stresses 7, also result in a couple (i.e.

torsional moment) and the moment per unit length is



h/2

M, =.[ t,zdz=D(1-v)x,

oy T o (2.14)
Projecting all forces acting on the element onto the z -axis, we obtain the following
equation of equilibrium

OF,
%+—”—q:o (2.15)

ox oy

Taking moments of all forces acting on the element with respect to the y -axis and

neglecting higher-order small quantities, we obtain the following equation of

equilibrium
oM
oM, My -F, =0 (2.16)
ox oy
Similarly
oM, oM,
——— I, =0 (2.17)
oy ox

Since there are no forces in the x - and y -directions and no moments with respect to

the z -axis on the element, Egs. (2.15), (2.16) and (2.17) completely define the state
of equilibrium of the element, or they are the equilibrium equations of internal forces
for plate bending. Substituting Eqs. (2.16) and (2.17) into Eq. (2.15), we obtain the

equilibrium equation in terms of bending moment and torsional moment as

oM, O°M, M
52 8x8yy + ay; -y (2.18)

Finally, substituting the moment-curvature relation (2.12) and the curvature-
deflection relation (2.9) into the Eq. (2.18), we obtain the basic governing equation

in terms of displacement for bending of thin plates as

VViw= (2.19)

4
D
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where V?is the two-dimensional Laplacian operator

, o0

=t — 2.20
ox’ 8y2 ( )

The various boundary conditions for thin plate are discussed here. We

consider a rectangular plate as an example and assume the x - and y -axes are

parallel to the sides of plate. We focus on the side AB of plate aty =5.

oM,
M, +——dx
ox
Mxy A ‘ A MxyB
1 do;
sy
A 1 1 1 B
Mx A \ A l 6M
g M, ' M, +——"dx
’ ox

Fig. 2.2 Static equivalence for torsional moment on side AB of plate

From statics viewpoint, the distributed torsional moment is equivalent to

shearing force. Hence the torsional moment M dx acting on one side with
differential length dx can be replaced equivalently by two forces of magnitude M,
acting on two opposite sides as shown in Fig. 2.2. The torsional moment
[M ot (8M o/ Gx)dx] dx acting on the adjacent side with differential length dx can

be replaced equivalently be two forced of magnitude M +(6M o/ ﬁx)dx acting on

two opposite sides. On the intersection boundary the resultant force is (6M . /6x)dx

which can be replaced by distributed shear force oM, /0Ox alongdx. When it is
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combined with the original transverse shear force F,, we obtain the total equivalent

shear force on side AB as

oM
= Fy ——2 (2.21)
ox

F

Vy

The positive direction of equivalent distributed shear force F;, coincides

with that of F . It should be noted that there are two concentrated forces (Mxy )A

and (M o )B at the ends 4 and B of side AB. As there are also concentrated forces

on the adjacent sides, there will be a resultant concentrated force at each corner,

2(Mxy )B at point B for instance.

Thus we obtain the various boundary conditions along y =5 of the plate. In

general, we have

(1) For a clamped edge, the deflection and rotation must be zero, i.e.

(w),_, =0, (%Wj ~0 (222)

(2) For a simply supported edge, the deflection and bending moment must be zero,
Le.

(w),, =0, (M, )y:b =0 (2.22)

(3) For a free edge, the bending moment and total equivalent shear force must be

Zero, 1.€.
(M,) ,=0. (£;) =0 (2.23)

If two adjacent sides are both free, there should be a further corner condition.

Assuming point B is the corner of two adjacent free sides without support, there is

2(M,,) =0 (2.24)

B
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while there is
(w)B =0 (2.25)
If there is a support at point B, the boundary conditions for other edges can be
obtained in a similar way.
According to the analogy, we introduce the bending moment functions for
thin plate bending corresponding to the displacement u,v of plane elasticity. Hence,

there exist the following relations between moment and bending moment function

for thin plate bending corresponding to the geometric relation of plane elasticity

0, 0
M =0y 9 oy 06,90 (2.26)
Y ox oy Y0y ox

The strain energy density in terms of curvature is

v (k)= %K‘TCK = %D[Kf + Kf, +2vik i, +2(1- v)Kfy] (2.27)

o’w
6 2

K ' 1 v 0

. o’w
K=K, = P and C=D|v 1 0 (2.28)
X

K, S 0 0 2(-v)

Ox0y

are the curvature vector and elasticity coefficient matrix of material, respectively.
In accordance with the Hellinger-Reissner variational principle for plane
elasticity, the Pro-Hellinger-Reissner variational principle for thin plate bending is

introduced as

811, = S{HV[KTE(VW—VS(K)} dxdy—jru ($, +4 i )ds
(2.29)
SRR ATAC) —@)]ds} _0

where
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I ] 99,
2 o
Oox 4 My 5
Evy=| 0 2 ,¢={ } and 1, L% (2.30)
o 0 Xy
— = 1(o¢. , 99,
L&y O] 2\ 0y  Ox

are the operator matrix, bending moment function and bending moment, respectively.
Subscripts #n and s in Eq. (2.29) indicate directions normal and tangential to the

boundary, while /" and I"_ are the boundaries with specified geometric conditions

(displacements, gradients, etc.) and natural conditions (forces, moments, etc.),

respectively. Details of the derivation of this principle can be referred to the book of

ns s

Yao (Yao et al. 2007). Known constants on the boundaries are denoted by, &, ¢,
and ¢ . Substituting (2.27) (2.28) and (2.30) into Eq. (2.29) and using

M, = D(K‘x + wcy) to eliminate x_ yields

S{J.;/I:le}’¢x+ny¢}’_VKy%+K a¢X+ ! ((MJ -D(1-v ) I 2V) dydx

Yoy 2D\ oy
~J . (4-4) 5. (9, @)]ds—jru(@fmw,,a)ds}:o
(2.31)
where an overdot denotes differentiation with respect to x . The state variables in Eq.
(2.31) are ¢, ¢,, k, and k. The variation of Eq. (2.31) yields the Hamiltonian
dual equation as
v=Hvy (2.32)

where the Hamiltonian operator matrix H is defined as
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0 vi D(1-v?) 0
oy
0
- 0 0 2D(1-v)
H=| ¢ 5 (2.33)
0 0 0 -
oy
0 L vi 0
i D oy oy ]

and v = {(zﬁx’ 9, K, ny}T is the state vector for variables.
Applying the method of separation of variables to v yields
v(x,y):f(x)l//(y) (2.34)
Substituting the above expression into Eq. (2.32) gives
E(x)=e" (2.35)
and the eigenvalue equation
Hy (y)=uy(y) (2.36)
where u is the eigenvalue and y/( y) is the corresponding eigenvector. The eigen-
solutions of nonzero eigenvalues in Eq. (2.36) may be obtained by expanding the
eigenvalue equation. First, the eigenvalues A in the y -direction can be obtained by
substituting
g=e" ¢ =e" Kk =¢" Kk, =" (2.37)
into Eq. (2.36). Expanding the determinant yields the eigenvalue equation
(22 +u*) =0 (2.38)
with repeated roots A ==ui as the eigenvalues. Hence, the general solutions of

nonzero eigenvalues are
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¢ =4 cos(,uy)JrBl sin(,uy)+Clysin(,uy)+D1ycos(,uy)
@, = A,sin(uy)+ B, cos(uy)+ C,ycos(uy)+ D, ysin(uy)
K, =4, cos(yy)+B3 sin(uy)+ C3ysin(,uy)+D3ycos(/1y)
K, =4, sin(yy)+B4 cos(yy)+C4yc0s(yy)+D4ysin(/1y)

(2.39)

The constants are not all independent. For convenience, 4,,B,, C, and D, may be
chosen as the independent constants. Substituting Eq. (2.39) into Eq. (2.36) yields
the relations between these constants.

Further substituting the general solution (2.39) into the corresponding
boundary conditions on both sides y =5, or b, yields the transcendental equation
of nonzero eigenvalues and the corresponding eigenvectors. Then method of
eigenvector expansion can be applied.

Eq. (2.39) is only valid for the basic eigenvectors with nonzero eigenvalues z .
If Jordan form eigen-solution exists, we should solve the following equation

Hy" = uy™® + (k=12,) (2.40)
where superscript £ denotes the k -th order Jordan form eigen-solution. The Jordan
form eigen-solution is formed by superposing a particular solution resulted from the

inhomogeneous term ™" and the solution of Eq. (2.40).

2.3 Closure

This chapter introduces the basic elasticity formula for the thin plates.
General symplectic bending solutions for rectangular thin plates are derived. The
following chapters will discuss the treatment of different boundary conditions by the

symplectic method.



Chapter 3 Plates with Opposite Sides Simply

Supported

3.1 Introduction

h/2
h/2

Fig. 3.1 Configuration and coordinate system of plates

Bending for plate simply supported on both opposite sides has been a well

developed subject. This subject is chosen again here for solution because it is a

classical case corresponding to the solution of Jordan form with nonzero eigenvalues.

Besides, the methodology presented can be applied to plates with different boundary
conditions for which the classical semi-inverse solution methodology fails. The
expression of general solution has been formulated by Yao et al. (2007). Based on
that formulation, the exact bending solutions for plates with two opposite sides
simply supported have been derived and shown in this chapter. Fig. 3.1 shows the

configuration and coordinate system of plates which discussed in this chapter.
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3.2 Symplectic formulation

Consider a plate with two opposite sides simply supported at y=0 andy=5b,

the boundary conditions are

y‘y:O,b =0 ) W|y:0,b =0 (3-1)
0 2
Knowing that M, = % and x, = %ﬁ—wcy = Z—Zv, the boundary conditions in
X X

Eq. (3.1) can be replaced by

0
=0 D oy ")

0
L= iﬁ—wcy =0
- D oy

y=b

9.

(3.2)
P,

The unknown constant g, in the boundary conditions should be solved first

because it is an inhomogeneous term. After obtaining the expression for deflection
w with respect to boundary conditiona,, it appears that this solution does not satisfy
the boundary condition w=0 on both sides in Eq. (3.1). It is a spurious solution and
thus should be abandoned. (Yao et al., 2007). The emergence of this spurious
solution of the original problem is due to the replacement of w=0 by x =0 in the

boundary conditions (3.2). Therefore with respect to bending of a plate simply

supported on two opposite sides, the homogeneous boundary conditions are

1 0¢
y:O,bZO ; (B ayy _VKyj

For a zero eigenvalue, the eigen-solutions are all equal to zero. These are

¢X

=0 (3.3)

y=0,b

trivial solutions and they do not have physical interpretation. (Yao et al., 2007).For



nonzero eigenvalues, substituting the general eigen-solutions expressed by Eq. (2.39)
into the homogeneous boundary conditions (3.3), and equating the determinant of
coefficient matrix to zero yield the transcendental equation of nonzero eigenvalues

for bending of simply supported plate on opposite sides along y =0 and y =5 as
sin’ (ub)=0 (3.4)

which gives real repeated double roots as

4, =% (n=+1,42,-) (3.5)

The corresponding basic eigenvector is

D(1-v) sin(s1,7)
9, g
(0) _ ¢y . D (1 - V)
vy, = =| ———=cos(u,y (3.6)
c m (#,)
K, sin ( U, y)
cos(,)
Then the solution to eigenvalue equation (2.32) is
v = eyl (3.7)

From the curvature-deflection relation (2.9), the deflection of plate can be expressed

as

w\? = —Lze”"x sin(,y) (3.8)

where the constants of integration are determined as zero by imposing the boundary
conditions w=0 on both sides.

Because the eigenvalue x4, is a double root, the first-order Jordan form

eigen-solution can be solved via

Hl//(l) =l//(0) _'_’u‘/,(l) (3.9)
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Imposing the boundary conditions (3.3) yields

3+v .
By Dsin(u,y)
2 ;-H:Dcos(,uny)
n _ ¢y _ H, 3.10
7 ———sin
Ky 24, (147)
1
——Cos
2 ’ (’Ll’ly)
Hence the solution to Eq. (2.32) is
v,(zl) = e (xy/,so) + l//fll)) (3.11)

Again from the curvature-deflection relation (2.9), the deflection of plate can be

expressed as

W) = 122 e i (1,) (3.12)

The eigenvectors in Egs. (3.12) and (3.10) are adjoint symplectic orthogonal because

H is a Hamiltonian operator matrix. The eigenvector symplectic adjoint with y/,(lo)

should be l//(l) ie.

—-n?

(v w“)>=—2ﬂ%b¢o for n=+142, .- (3.13)

n 27 -n
n

while the other eigenvectors are symplectic orthogonal to each other. The symplectic
inner product for any two vectors @, £ in a 2n-dimensional phase space W in a
real number field R is denoted as < a, f > and it satisfies four basic properties
(Yao et al., 2007).

From the eigenvalues and eigenvectors with adjoint symplectic orthogonality
property, the general solution for plate bending simply supported on both opposite

sides can be expressed as
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w 0 0 1 1 0 0 1 1
VZZ[fn( >v'<1 ) +fn( >v’<1> +ffn)vfn)+ﬂn)vf,3] (3.14)

n=1
according to the expansion theorem. The equation above strictly satisfies the

homogeneous differential equation in the domain and the homogeneous boundary
conditions (3.3) while fn(k) (k =0,1;n=%1,%2,-- ) are unknown constants which can
be determined by imposing the remaining two boundary conditions at x =—a/2 and
x=af2.

After determining the constants fn(k) , the solution of the original problem for

bending deflection of a thin plate governed by Eq. (2.19) is

—n

— S 0 0 1 1 0 0 1 1
w:w+2[fn( WO £ OO 4 _(n)w()Jrf_(n)wf,f] (3.15)
n=l1

where w is a particular solution with respect to the transverse load ¢ .

For example, the particular solution for a plate with two opposite sides

simply supported at y =0, y =b and with uniformly distributed load ¢ is
w=—1(y* 26y’ +by) (3.16)
and the corresponding curvatures and bending moments are

g,=—Ly(y-b) ; & =0 , %,=0
2D (3.17a-f)

1 VA Y
M, =Zqvy(y=b) i M,=—qy(y=b) ; M, =0

The expressions of M and x, above can be represented in Fourier series as

. (nzy

) nry
= X s1n( b ) b1 . [ nmy 4b*qv &1 . (nmy
MX:Z— —gqvy(y—b)sin 5 dy =——— z — sin .

n=1 b 02 T pm135,..0

(3.182)
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Ey:i%jbiy(y b)sm( Zyj __Abq i % (nﬂyj

(3.18b)
which are required to determine the other four constants when the boundary

conditions at the remaining two sides are considered.

3.3 Exact plate bending solutions and numerical

examples

The formulation derived in Sec. 3.2 is valid for bending of a thin plate with

two opposite sides simply supported at y=0 and y=»b and no restriction is

imposed on the remaining two boundaries. Exact bending solutions for various

examples of such plates are presented as follows.

3.3.1 Fully simply supported plate (SSSS)

A fully simply supported plate denoted as SSSS is solved first because it is a
classical problem with well-established exact solution for comparison. The plate is

bounded within a domain —a/2<x<a/2 and0< y<b . In addition to the two
simply supported boundary conditions at y=0,b expressed in Eq. (3.3), the

additional boundary conditions are

Xlx=ta/2 - 0 8 Ky x=%a/2 - O (3' 19a’b)

in which w| =0 is replaced by Ky‘ e 0. From Egs. (3.17, 3.19), we obtain

x=ta/2
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=-M, =-—qvy(y-b) ;

lemtarn 5 =i, =—L y(y-b) (3.20a,b)

Ky x=ta/2 Y 2D

Furthermore, from Egs. (3.14) and (2.30), we have

2u,

n=1

6¢y i { — et (1-v) - fna)eunx{X(I_V)Jrﬂ_"}_kf_(’?)e-ﬂ”x(l_v)

n

g [x(l—v)—?—v}}sin(,un »)
(3.21a)

i{ @etr 4 Ve ”x[x %)—fff)e_””x — fDe (x+%ﬂsin(yny) (3.21b)
7 7

n=1 n n
Substituting x =+a/2 into Egs. (3.21a, b) for the left-hand-side of Egs. (3.20a,b)

and using the Fourier series representations of ]\7[x and x, in Eqgs. (3.18a,b) on the

right-hand-side, four set of equations can be derived. The constants fn(o) , fn(l) , f (0)

—n

f_(,l) can be solved by comparing the coefficients of sin ( A y) , which are

-f;l(O) = f_(;(z)) = f;t(l) = f;(rll) = 0 for n= 29 49 69' o
3+ 2, tanh
f0 g 4B ) s (3.22)
2Dbu,” cosha,
O S for n=1,3,5,
S =1 Dby’ cosha, T
Where
a = “2”b” for n=1,3,5, (3.23)

From Egs. (3.8), (3.12), (3.15), (3.16) and (3.22), the bending deflection of a

thin plate under uniformly distributed load is

[,uﬂxsmh u,x)—cosh(s,x)(2+a, tanha, ) ]sm 1“,y)

=9 (y* —2py’ +b3y) 29 Z

24D u° cosha,

(3.24)
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In addition, the general solutions for bending moments and stress resultants of a
T
SSSS plate related to the state vector v = {¢5x7 9, K, ny} can be derived accordingly.

The numerical results are shown below.

Table 3.1 Deflection and bending moment factors a, £, y for a uniformly loaded

SSSS rectangular plate with o = 0.3

Aspect Deflection factor a Bending moment factor S Bending moment factor y
ratio where Wia=agb”/D where (M,)max= /)’qbz where (M) max= yqbz
alb [1] Present [1] Present [1] Present
1.0 0.00406 | 0.00406235 0.0479 0.0478864 0.0479 0.0478864
1.2 0.00564 | 0.00565053 0.0627 0.0626818 0.0501 0.0500809
1.5 | 000772 | 0.00772402 | 0.0812 | 0.0811601 0.0498 | | 0.0498427
1.7 0.00883 | 0.00883800 0.0908 0.0907799 0.0486 0.0486149
2.0 0.01013 | 0.01012870 0.1017 0.101683 0.0464 0.0463503

[1]: (Timoshenko and Woinowsky-Krieger, 1959)

3.3.2 Plate with two opposite sides simply supported and the others

free (SFSF)

A SFSF plate bounded within a domain —a/2<x<a/2 and 0<y<b is

considered here. In addition to the two simply supported boundary conditions at

y=0,b expressed in Eq. (3.3), the additional boundary conditions are

=0 (3.25a,b)

x x=ta/2

M x=ta/2 =0 5 ¢x

where the free shear force condition F,

= 0 is replaced by ¢,| _, =~ =0. From

x=ta x=ta/

Egs. (3.17,3.25), we obtain
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— 1

=—M, =——qvy(y-b) ; ¢,

X|x=ta/2 B x 2 =0 (326a,b)

x=ta/2 = _¢x

Furthermore, from Egs. (3.14) and (2.30), we have

8¢y i {f(‘” “r(1-v)— f,f”e"""{x(l—v)+?—v}+ﬂf’e‘”ﬂ(1_v)

Hy

n=1

+f‘_(’ll)e—/l,,x |:.X(1 — V) _32+—V:|}Sln(/uny)

n

(3.27a)

G+v)

4 = ip{f;%w@_m f;”ew[x(l_v)_ 2
ﬂn

0 { 0 V)+(3+V)}}sm(ﬂ,,y)

24, H,

} + fDe ™ (1-v)+
(3.27b)

Substituting x =+a/2 into Egs. (3.27a,b) for the left-hand-side of Egs. (3.26a,b) and

using the Fourier series representations of M _ in Eqs. (3.18a) on the right-hand-side,
four set of equations can be derived. The constants fn(o), fn(l), f_(f), f_(},) can be

solved by comparing the coefficients of sin( U, y) , which are

fO=f0=r0=r0=0 for n=2,4,6-
2qv [(3+v)sinh a,—2(1-v)a, cosh an}

O _ _ ) _ _ f =1,3,5---
=t Dby, (1-v)[(3+v)sinh(2a,) -2(1-v)a, ] o
W _ ey 4gvsinh e, P _13.5...
S = T D [(3 4 v)sinh (20, )—2(1-v) or b
(3.28)

where «, is given in Eq. (3.23).
From Egs. (3.8), (3.12), (3.15), (3.16) and (3.28), the bending deflection of a

thin plate under uniformly distributed load is



4q

_ 49
w —(y4—2by3+b3y)+mx

24D
{vcosh(,unx)[an (1-v)cosha, —(1+v) sinhan] —u,x(1-v)vsinha, sinh(,unx)} sin(,)

n=1

2 u’ [an (1-v)—(3+v)cosha, sinhan]
(3.29)

In addition, the general solutions for bending moments and stress resultants of a
T
SFSF plate related to the state vector v = {¢x’ 9, K, ny} can be derived accordingly.

The numerical results are shown below.

Table 3.2 Deflection and bending moment factors a, f, y for a uniformly loaded

SFSF rectangular plate with v = 0.3

37

Aspect Deflection factor a Bending moment factor S Bending moment factor y
ratio where Wma=agb”/D where (M,)max= Bgb’ where (M, )ma= ygb°
alb [1] Present [1] Present [1] Present
0.5 0.01377 0.0137131 0.1235 0.123642 0.0102 0.0121476
1.0 0.01309 0.0130937 0.1225 0.122545 0.0271 0.0270782
2.0 0.01289 0.0128873 0.1235 0.123468 0.0364 0.0363888

[1]: (Timoshenko and Woinowsky-Krieger, 1959)

3.3.3 Plate with two opposite sides simply supported and the others

clamped (SCSC)

A SCSC plate bounded within a domain —a/2<x<a/2 and 0<y<b 1is

considered here. In addition to the two opposite sides simply supported, the

additional boundary conditions are



y x=ta/2 - ’ ny x=ta/2 = 0 (330)
. ow .
where w| =0 1s replaced by « =0 and — =0 1is replaced by
o Testaf2 ox x=ta/2
Koy eosan = 0. From Egs. (3.17,3.30), we obtain
= __4 . o
Kyl e =75 = —Ey(y—b) DRy, =K, =0 (3.31)

Furthernore, from Egs. (3.14), we have

K, = Z{f”(mew + Dk (x - ZLJ O D gt (x + %H sin(g,y)  (3.32a)

n=1 n n

% 1 1
Z[ffE_z jff (Tﬂ(w)

n=1 n n

(3.32b)

Substituting x =+a/2 into Egs. (3.32a,b) for the left-hand-side of Egs. (3.31a,b) and

using the Fourier series representations of x, in Egs. (3.18b) on the right-hand-side,

four set of equations can be derived. The constants fn(o), fn(l), Ak f_(},) can be

-n 9

solved by comparing the coefficients of sin( s y) , which are

FO o 2q(203(n cosh an‘+sinh an) for n=135" (3.33)
Dby, [2% + smh(20{n )]
4gsinh«
W= O _ z for n=1,3,5--
S =1 Dby’ | 2a, +sinh(2a,) ]

where ¢, is given in Eq. (3.23).
From Eqgs. (3.8), (3.12), (3.15), (3.16) and (3.33), the bending deflection of a

thin plate under uniformly distributed load is
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_ 49
W—m(f —2by° +b3y)+
:—gi{{e““’ sin(,uny)[—2(3an + p1,x)cosh (e, — u,x)+ (e, + p,x)cosh (3e, — p1,x)
n=1
—5a, cosh(a, + p1,x)+3u,xcosh (e, + p1,x)+2a, cosh (3a, + p1,x)— 2, x cosh (3a, + 1,x)
+8cosh(2a, )cosh( u,x)sinh e, —4a, (o, — u,x)sinh (e, + ,unx)]}

/,un5 (1 + 8a,1e4"" — et )}
(3.34)

In addition, the general solutions for bending moments and stress resultants of a
T
SCSC plate related to the state vector v = {¢X, 9, K, ny} can be derived accordingly.

Below are the numerical results.

Table 3.3 Deflection and bending moment factors a, S, y for a uniformly loaded

SCSC rectangular plate with o = 0.3 (I = b for a>b and [ = a for a<b)

Aspect Deflection factor a Bending moment factor S Bending moment factor y
ratio where Wi =agb’/D where (M,)max= ﬁqbz where (M,)max= yqbz
alb [1] Present [1] Present [1] Present
1/2 0.00260 | 0.00261079 0.0142 0.0141716 0.0420 0.0420629
.............. 551 00047 |"o0024757 0017 00178003 YT T R YT E
................... 1 000192 | 0.00191714 o oA R T
3/2 0.00531 | 0.00532645 0.0585 0.0584803 0.0460 | 0.0459444
2 0.00844 | 0.00844500 0.0869 0.0868681 0.0474 | 0.0473622

[1]: (Timoshenko and Woinowsky-Krieger, 1959)
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3.3.4 Plate with two opposite sides simply supported, one clamped

and one free. (SFSC)

A SFSC plate bounded within a domain —a/2<x<a/2 and 0<y<b is

considered here. In addition to the two opposite sides simply supported, the

additional boundary conditions are

Xlx=—qa/2 =0 ’ ¢x x=—a/2 -
(3.35a-d)
Ky x=a/2 - O ’ ny x=a/2 -
where the free shear force condition F | _ »=0 is replaced by ¢ »=0,

=0 is replaced by x,,

=0 is replaced by K‘y‘ e 0 and ow

x=+a/2 ax r=taf2 x=ta/2
From Egs. (3.17, 3.35), we obtain
_ 1 _
M| =M ==avy(y=b) 5 4] _,,=-4=0
(3.36a-d)
= q ) _ =

K, 2 :—Ky:—iy(y—b) ; Ky = =0

Furthermore, from Egs. (3.14) and (2.30), we have
(3+v)

. = iD{ £ (1-v)+ f Ve {x(l—v)—

n=1

e {x(l_m (3”)}} sin(#4,7)

} + Ve (1-v)+

2u,
(3.37a)

2p, u,

] A O (x + %H sin(u,y) (3.37b)

n=1 n n

> 1
_ 0) H, @) s,
K, —Z{fn( e+ f) )e‘”(x—z

n=1 n

0 1 1
Ky = Z[ﬁf%*‘“ + [0 {x 3 j_ S fe [x _TH cos(4,y)
4 ﬂn

(3.37¢)



Substituting x =+a/2 into Egs. (3.37a-c) for the left-hand-side of Egs. (3.36a-d) and

using the Fourier series representations of x, in Egs. (3.18b) on the right-hand-side,

four set of equations can be derived. The constants fn(o), fn(l), Ak f_(},) can be

n o

solved by comparing the coefficients of sin( U, y) , which are

fO=fO=f0=rb=q for n=2,4,6---
1O = {2qe“” ferr (120, )(v-1)(3+0) - [ -2, (v=1) +80," (-1+v) +(3+v) |
v -14v+2a, [3+4an(v—l)+v]}}}
Db (v =1)(3+v)+e (v=1)(3+v)=2¢" [ 5+8a,” (v=1)' +v(2+v) ||

forn=1,3,5---
5 :—{2€a CI{ ~142a,)(~1+v)(3+Vv)+e“v[3+v+2a, (-1+V)]

[20:( 1+v) +8a,’ (- 1+v)2+(3+v)2J—e2“"v{—l+v+2an[—3+4an(v—1)—v]}}
/Db;ﬁ{ )(B3+v)+ e (v=1)(3+v)—2¢* [5+8an2(v—1)2+v(2+v)}}
forn=13,5---
Fo = {4qe”" e (<144, )(<14v) ~(<1+v)v = (~1+v)(3+v)+e“v[3+4a, (_1+v)+v}}}
/ Db’ {(V_l)(s +v) e (v=1)(3+v)-2¢" | 5+8a,} (v-1) +V(z+v)}}
forn=1,3,5---
ij:_{4ea~q{_e4a~(1+4a,)( 1v) +e2 [-3+4a, (- 1+v)_v}v+e6a~(_1+V)V+(_1+v)(3+v)}}

1Dbu (v =1)(3+v)+e (v=1)(3+v) =2 [ 5480, (v=1) +v(2+v) |
forn=1,3,5---
(3.38)

where ¢, is given in Eq. (3.23).
From Egs. (3.8), (3.12), (3.15), (3.16) and (3.38), the bending deflection of a

thin plate under uniformly distributed load is
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w:ﬁ(y4—2by3+b3y)+

s—gg{{e“% sin(u, y){[S +4a,? (v=1) +v(2+v) |cosh(a, - g,x)+3cosh (3, + %)
+voosh(p,x){[1+4a,’ (v—1)+v |cosha, +(-3+a, —2v)cosh (3,

+p,x[=Ssinha, —(v—1)sinh (3a, ) |} +v {-#,x(1+2v)cosha, + ,x(v—1)cosh (3, )
+[1+4a,’ (v=1)+v]sinha, +(a, —1)sinh (3a, )} sinh (4,x) - a, {cosh (,x)
{411,5(v~1)coshat, ~3sinh, +v{cosh (3, ) +[5—4v + 4v cosh (2, ) sinhan}}
+[(3-7v)cosha, +2vcosh(3a, )+ 44, x(v—1)(2v ~1)sinha, +vsinh (3a, ) |sinh (z,x)|
+axsinh (@, = 1,x) = @, (v=3)= ,x(v=1)(v+3)]sinh (3, + 21, )} /

{,,; {(r=1)(v+3) 4 (v=1)(v+3) -2 [ 5482, (v-1) +v(2+V)J}}}

(3.39)

Table 3.4 Deflection and bending moment factors a, f, y for a uniformly loaded

SCSC rectangular plate with v = 0.3 (/ = b for a>b and [ = a for a<b).

Deflection factor a at x = | Bending moment factor f at | Bending moment factor y at
Aspect
a/2,y = b/2 where x=a/2,y=b/2 where x =0, y=>b/2 where
ratio
Winax=aqb"/D (M) ma= P’ (M= 796"
alb
[1] Present [1] Present [1] Present
173 0.0940 0.0939792 0.0078 0.00782003 0.428 0.427944
1/2 0.0582 0.0582267 0.0293 0.0292631 0.319 0.318975
1 0.0113 0.0112359 0.0972 0.0971846 0.119 0.118407
2 0.0150 0.0149491 0.131 0.130529 0.125 0.124666
3 0.0152 0.0152035 0.133 0.132814 0.125 0.124975

[1]: (Timoshenko and Woinowsky-Krieger, 1959)
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In addition, the general solutions for bending moments and stress resultants of a
T
SFSC plate related to the state vector v = {qﬁxj 9, K, ny} can be derived accordingly.

Table 3.4 shows the numerical results for the SFSC plate.

3.3.5 Plate with three sides simply supported and the other free (SSSF)

A SSSF plate bounded within a domain —a/2<x<a/2 and 0<y<b is

considered here. In addition to the two opposite sides simply supported, the

additional boundary conditions are

< (3.40a-d)
-0

x=a/2

X

x=-a/2 =0 ? Ky

M x=a/2 = 0 ) ¢X

X

in which w|_

. 0 is replaced by K’y‘ e 0 and the free shear force condition

=0 is replaced by ¢, =0. From Egs. (3.17, 3.40) we obtain

Vix | x=ta/2 x=ta/2

— M = 1 b) - = q b

Mx x=-a/2 __Mx __Equ(y_ ) 2 K}’ x=—a/2 __Ky __Ey(y_ )
i (3.41a-d)
Mx x=a/2 = _Mx = _Equ(y_b) 5 ¢x x=a/2 =_¢x = 0
Furthermore, from Eqgs. (3.14) and (2.30), we have
op, &
M, = a"% -y D{— FO0e (1-v) = [0 [x(l—v)+—32 *V} FOem (1-v)
y n=1 ﬂn

n

e at10) -2 fantan

(3.42a)
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D{f“’) o (1=v)+ fOe u{ (l_v)_(32+‘/)
=l H,

f W [x(1 —v)+ (3+ V)}} sin(4,)

2#}1 /LIVI

MS

} + fOe (1-v)+
(3.42b)

— Z|:f(0) ,x f(l) 1,X ( %j _ ﬂg)e’#,,x _ fi(:’)efﬂnx [x + %J:| sin (,uny) (3420)
Y7,

n=1 n n

Substituting x =+a/2 into Egs. (3.42a-c) for the left-hand-side of Egs. (3.41a-d) and

using the Fourier series representations of M and K, in Egs. (3.18a,b) on the right-

hand-side, four set of equations can be derived. The constants fn(o), fn(l), FO f_(,?

—n

can be solved by comparing the coefficients of sin( s y) , which are

fO=fO= g0 _ 0 _g ; forn=2,4,6---
f<0>_{ q{-2" [ 3+ 6a, (~1+v)—v]v+(-3+2a,)(-1+v)(3+v)+
2e°v[3+2a, (—1+v)+v |-e* [6a,1(—1+v)2+8a,12(—1+v)2+(3+v)2}}} . for n=1,3,5---
/2Dbp,’ (~1+v)[ -4, (~1+v)+(3+Vv)sinh (4a,) |
fO= {e‘”"q{—eé"” (—1+v)(3+v)(3+2an)+2v[3+2an (—1+v)+v]+
26y [3+6a, (-1+v)+v]-e [ -6q, (—1+v)2+8an2(—1+v)2+(3+v)2J} . for n=13,5
/2Dbp,} (~1+v)| ~4a, (=1+v)+(3+v)sinh (4e, ) |
2ge“ {3+v+e' [(3+4a,)(~1+v)-4vcosh(2a, ) |}

M _ o i =1,3,5---
" Dby’ [ 3+8a,e™ (<1+v)+v - (3+v)] o
fU= Zea"q[—ez”’" (-3+4a,)(-1+v)—2v—2e* v+ (3+v)] C for me 135
Dby’ [ 3+8a,e' (~14v)+v - (3+v)]
(3.43)

where ¢, is given in Eq. (3.23).

From Egs. (3.8), (3.12), (3.15), (3.16) and (3.43), the bending deflection of a

thin plate under uniformly distributed load is
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w:ﬁ(y4—2by3+b3y)+

jlq)”i:{{e”‘”""”x {—262("”””") [—1+3an (v—1)+,L1nx(v—1)—1/]v+e2"”" (2+a, +u,x)(v-1)
(3+v)—2e4”‘"v[1+3an (v—1)+,unx(v—1)+v]+2v[—1—an +,unx+(—1+an —,unx)v]+
e [64— 4a,’ (v —1)2 +3u,x(v —1)2 —a,(5+4u,x)(v —1)2 + 2v2}+ 204 Ty

[1 +a,(v-1)+v—pux(v —1)] + et [—405”2 (v —1)2 +3u,x(v —1)2 +a, (-5+4u,x)(v- 1)2

—2(3 +V)2:|} sin(,uny)}/{,un5 (V —1)[801"64“" (v —1)+ (1 —b )(3 + v)}}}

(3.44)

In addition, the general solutions for bending moments and stress resultants of a
T
SSSF plate related to the state vector v = {¢x’ 9, K, ny} can be derived accordingly.

Below are numerical results for the SSSF plates.

Table 3.5 Deflection and bending moment factors a, £, y for a uniformly loaded

SSSF rectangular plate with v = 0.3.

Deflection factor a at x = | Bending moment factor f at | Bending moment factor y
Aspect

0,y = b where x=0,y=>b where (M,) = atx =0,y = b/2 where

ratio

Wanax=agqb’/D pab’ (M)max= 7gb’
alb
[1] Present [1] Present [1] Present

1/2 0.00710 0.00709414 0.060 0.0601585 0.022 0.0223242
2/3 0.00968 0.00967944 0.083 0.0832446 0.030 0.0302317
1 0.01286 0.0128524 0.112 0.111701 0.039 0.0389809
2 0.01507 0.0150692 0.132 0.131608 0.041 0.0414129
3 0.01520 0.0152107 0.133 0.132878 0.039 0.0390640

[1]: (Timoshenko and Woinowsky-Krieger, 1959)
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3.3.6 Plate with three sides simply supported and the other clamped

(SSSC)

A SSSC plate bounded within a domain —a/2<x<a/2 and 0<y<b is

considered here. In addition to the two opposite sides simply supported, the

additional boundary conditions are

*lyea =O ; B =
e Mo (3.45a-d)
Vlx=a/2 - ’ K"’Cy x=a/2 -
. . . ow .
in which w| __=01s replaced by x =0 and — =0 is replaced by
x=taf2 Vlx=ta/2 ax yta2
S 0. From Egs. (3.17) and (3.45), we obtain
M) =i, = b) ; - i, =—1 b
iy =M= avy(y=0) 5 x| =K =——sy(y-b)
(3.46a-d)
= q . =
K, s = —K, = —Ey(y b) S -k, =0
Furthermore, from Egs. (3.14), we have
0 S 3+
=P S Dl e (12 f0en (1—v)+( V)|, o “ (1=v)
ay n=l1 2/,ln

Fgs [xu_v)_ (3”)}}5111( )

2u,

(3.47a)

= Z{ FOet* g Dt ( x_zL] O ) g ( it %J} sin( u,y) (3.47b)
H,

n=l1 n

= z [ﬁ(o)eﬂnx —+ f;l(l)e/unx [x —+ %j — ﬂ’?)e_ﬂnx + ﬂ:l)e_llnx Lx _%jj| coS (yny)
M,

n=1 n

(3.47¢)
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Substituting x =+a/2 into Egs. (3.47a-c) for the left-hand-side of Egs. (3.46a-d) and
using the Fourier series representations of M and x, in Egs. (3.18a,b) on the right-
hand-side, four set of equations can be derived. The constants fn(o), A W, 70 f_(}q)

-n °

can be solved by comparing the coefficients of sin( ya y) , which are

L= =5"=r=0 for n=2,4,6-
e q|-3+2a, +e* [ 2-12a, + & (<142 ~4a, )(1+2a,) ]}
f”(0>= [ ( )( )] for n=1,3,5---
Dby, (~1+¢* —8ar,e*" )
o e“q|2-4a, —¢* (3+2a,) - (-1+ 22, ) (~1+4a,) + €' (2+12a,) | for o135
Dby, (~1+¢* —8az,e* )
a, 4a,
o _ 2" q{1+¢* [3+4a,—4cosh(2a,) ]} for o135
Dby’ (—1 +e* —8a e )
2eq| -2+ (326 + &' —4a
5}11):_ q[ ( ¢ ¢ ")] for n=1,3,5---
Dbu’ (—1 +e* —8a '™ )
(3.48)

where ¢, 1s given in Eq. (3.23).

From Egs. (3.8), (3.12), (3.15), (3.16) and (3.48), the bending deflection of a

thin plate under uniformly distributed load is

w:m(y4—2by3+b3y)+

:—gi{{e“" sin(y}zy)[—2(3an +,unx)cosh(an —,unx)+ (an + ,unx)cosh(3an —ynx)—
n=1
5a, cosh(a, + p1,x)+3u,xcosh (e, + u,x)+2a, cosh (3, + p1,x) -2 p1,x cosh (3, + p1,x) +

8cosh(2a, )cosh(u,x)sinh (e, )—4a, (a, — p,x)sinh (a, + ,unx)]}/[(l 48t _ g ),U,,S }}
(3.49)

In addition, the general solutions for bending moments and stress resultants of a
T
SSSC plate related to the state vector v = {(zﬁx, 9, K, ny} can be derived accordingly.

Numerical results are shown below:



Table 3.6 Deflection and bending moment factors a, S, y for a uniformly loaded

SSSC rectangular plate with o = 0.3 (/ = b for a>b and [/ = a for a<b).

Deflection factor a at Bending moment factor § at | Bending moment factor y at
Aspect
centrex =0,y =>5b/2 x=a/2,y=b/2 where (M,= | x=0,y=>b/2 where (M,=
ratio
(w=aql'/D) pab’) ygb’)
alb
[1] Present [1] Present [1] Present
1/2 0.0093 0.00927022 0.122 0.121513 0.047 0.0468662
2/3 0.0064 0.00644513 0.112 0.112132 0.048 0.0477637
1 0.0028 0.00278549 0.084 0.0838752 0.039 0.0391781
1.5 0.0042 0.00424944 0.111 0.111212 0.054 0.0543760
2 0.0049 0.00487850 0.122 0.0121190 0.060 0.0601393

[1]: (Timoshenko and Woinowsky-Krieger, 1959)

3.4 Closure

It is noted that exact analytical solutions for many of the cases above are not
presented in the book (Timoshenko and Woinowsky-Krieger, 1959), only the

maximum deflection w__ or deflection at specific locations are given. Using the

approach presented here, the exact deflection solutions for the cases are expressed in
Egs. (3.24), (3.29), (3.34), (3.39), (3.44) and (3.49) for SSSS, SFSF, SCSC, SFSC,
SSSF and SSSC, respectively. In addition, exact expressions for bending moments
and stress resultants can be easily derived using basic relation of elasticity.
Comparison with the results in the book (Timoshenko and Woinowsky-
Krieger, 1959) for the six cases above is presented in Tables 3.1 to 3.6, respectively.

It is obvious that excellent comparison is observed in all cases thus indicating
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applicability and validity of the symplectic approach for solving exact plate bending
solutions. This part of the research has been published in the international journal
(Lim et al., 2007 a). The analysis can be easily extended to bending of plates with
other types of boundary conditions and it will constitute the scope of analysis in the

following sessions of this thesis.
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Chapter 4 Plates with Opposite Sides

Clamped

4.1 Introduction

Although there are numerous research works on this type of plates, exact
solution is still unavailable. The difference between the clamped one and the simply
supported one is that: eigenvalue is complex number for the former. It means more
mathematical treatment is required for plates with opposite sides clamped. The
expression of general solution has been formulated by Yao et al. (2007). Based on
that formulation, the exact bending solutions for plates with two opposite sides
clamped have been derived and shown in this chapter. Below shows the

configuration and coordinate system of plates which are discussed in this chapter.

h/2
h/2

Fig. 4.1 Configuration and coordinate system of plates
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4.2 Symplectic formulation

Consider a plate with two opposite sides clamped at y=—b and y =5, the

boundary conditions are

W, =0, 6 _, = Lo (4.1a,b)
- - ay y=1b
a 2 2
Knowing that x_= iﬁ—vm 9 vzv andx  =— ow , the boundary conditions in
D oy Yoox Y OxOy
Eq. (4.1) can be replaced by
0
i_¢y - UK, = O, K, =0 (423.,]3)
D oy e Vip=tb

There are six eigen-solutions with zero eigenvalue (including Jordan form eigen-
solution) but they are all solutions without real physical interpretation. (Zhong and

Yao, 1997).There are simply the spurious solutions of the original problem due to

the replacement of w:a—W:O by x, =k, =0. Hence only the eigen-solutions of

nonzero eigenvalues for plate with opposite sides clamped are discussed here. The
solutions can be divided into two sets: the symmetric and the antisymmetric
solutions with respect to x .

Substituting solutions with only 4 and C terms in general solutions into the
homogeneous boundary conditions (4.2) and equating the determinant of coefficient
matrix to zero yields a transcendental equation of nonzero eigenvalues for symmetric

plate deformation with both opposite sides clamped as

2pb +sin (2ub) =0 (4.3)



Let eigenvalues u be a solution to Eq. (4.3), the corresponding eigen-

solution for symmetric deformation is

| cos? () T2 Jcos(ap) s ysin 1)
1%

W, = (4.4)

ﬁ {—[1 +cos’ (ynb)] cos(,y)+ p,ysin (u,,y)}

ﬁ {cos2 (1,b)sin(,y)+ p,ycos (uny)}

2 .
o5’ ()~ fsin() - g os(s)

And the solution for the corresponding problem
v=Hyv (4.5)

is v, =exp(u,x)y, (4.6)

Further from the curvature-deflection relation, the deflection of plate after
integration is

SR (o ,
w, = Dit (1_0) {sm (,u,,b)cos(,uny)+,unysm(luny)} 4.7)

The first several eigenvalues calculated by Mathematica for a plate with

Poisson’s ratio v =0.3 are listed in Table 4.1

Table 4.1 Nonzero eigenvalue for symmetric deformation of thin plate with both

opposite sides free (v=0.3)

N 1 2 3 4 5

Re(u,b) | 0.57+0.5354 1.57 +0.6439 2.57+0.6827 3.57+0.7036 4.5 +0.7169

Im(u,b) | 1.1254 1.5516 1.7755 1.9294 2.0469
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Substituting solutions with only B and D terms in general solutions into the

homogeneous boundary conditions (4.2) and equating the determinant of coefficient

matrix to zero yield the transcendental equation of nonzero eigenvalues for

antisymmetric plate deformation with both opposite sides free as

2ub = sin(2yb)

The corresponding eigen-solution for antisymmetric deformation is

-V

H,

H,

14

And the solution for Eq. (4.5) is

v, =exp(4,X)¥,

oo L+v]L _
—[smz (z,b)+ lJ_r—ﬂ sin(#2,)~ 4, cos(#,)

2 . _ _ _ .
2 s () oos() ¢ myvsin(7,)

_T_){[l +sin’ (72,b) |sin (1,)+ &,y COS(EJ)}

et ) i)

(4.8)

(4.9)

(4.10)

Further from the curvature-deflection relation, the deflection of plate after

integration is

W = efp(unX)
Dy, (1-v

) {—cos2 (#,b)sin(f,y)+ f,y cos (ﬁ,,y)}

4.11)

Table 4.2 Nonzero eigenvalue for antisymmetric deformation of thin plate with both

opposite sides free (v=0.3)

N 1 2 3 4 5
Re(Zi,b) | 7+0.6072 2 7+0.6668 3 7+0.6954 4 7+0.7109 57+0.7219
Im(zZ,b) | 1.3843 1.6761 1.8584 1.9916 2.0966
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Similarly, the first several eigenvalues for a plate with Poisson’s ratio v =0.3,
are listed in Table 4.2.

Based on the eigenvalues and eigenvectors, the general solution for plate with
both opposite sides clamped can be solved from the expansion theorem. Thus
analytical solution of the original problem can be obtained.

Consider bending of plate with both opposite sides clamped under uniformly

distributed load g . As the problem is symmetric with respect to x -axis, the expanded

expression can only be constructed from the symmetric eigen-solutions of nonzero

eigenvalue (4.3), (4.4), (4.6) and (4.7) as

0

V= Z[fnvn + v+, +f_,,‘7_,,] (4.12)

n=l

And the deflection of the plate is
w=w + 3| fw, + [, + L w,+ 7, ] (4.13)
n=l1

where v ,v_are eigenvalues corresponding to the eigenvalue x4, listed in table 4.1
and their respective symplectic adjoint eigenvalue —x , while v ,v  are
eigenvectors corresponding to the complex conjugate eigenvalues £z, . A particular

solution caused by distributed load ¢ in the domain is

W :ﬁ(y2 ) (4.14)

the corresponding curvatures and bending moments are

K=K, =0, & =-1-(3y"-p%)

o ' 6D
* * |4
4 =0, s :%(f ~b’y) (4.15a-f)

M*:%(3y2—b2), M;=%(3y2—b2)

X
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Eq. (4.12) satisfies the homogeneous differential equation in the domain and the
homogeneous boundary conditions on two sides (4.2). fi,f[ (i=%1,£2,---) are the

unknown constants which can be determined by the boundary conditions at
x direction.

Value ofw, M, M  can be obtained once the constant f can be determined

through the boundary conditions at x direction.

4.3 Symplectic treatment for the boundary

The formulation derived in Sec. 4.2 is valid for bending of a thin plate with

two opposite sides clamped at y =—b and y =b and no restriction is imposed on the

remaining two boundaries. Exact bending solutions for various examples of such

plates are presented as follows.

4.3.1 Fully clamped plate (CCCC)

The boundary condition at x direction is

=0 (4.16)

x=*a

Then the variational formula for the boundary conditions at two ends x =z*ais

b L * r=a
[ (e, +5) 30, +(x, +,, )08, | dv=0 (4.17)
Substitute Eqgs. (4.4), (4.6), (4.12) and (4.15) into Eq. (4.17), sinced f 1is arbitrary,

the coefficient of it should always be zero and so a set of algebraic equations for

solving f can be obtained.
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pf=q (4.18)

where p is the coefficient matrix of 5 f” fin J._bb[lcyé'@ + ny§¢y] ~ dy,and ¢is the

X=a

coefficient matrix of f in —fb[zc;&ﬁx + K:},5¢y] dy .

X=—a

Solve the first k terms in Eq (4.18) yields the value for f, ,]_‘n, f_n,f_n.

Substitute that results of f,f,f ,f. ,Eqs.(4.7) and (4.14) into Eq.(4.13), any
point’s value about wcan be obtained. Others bending solutions such as bending
moment and shear force can be derived by the relationships with the deflection. The
larger is the k, the more accurate is the result. Actually, whenk =4, the solutions
have shown excellent agreement with classical results(Timoshenko and Woinowsky-
Krieger, 1959), while the latter are obtained by expansion of different series with
many more terms (Timoshenko and Woinowsky-Krieger, 1959) and our solutions

converge more quickly. The results are listed in table 4.8.

4.3.2 Plate with three sides clamped and one side simply supported

(cces)

The boundary condition at x direction is

K =0 ; K, =0
e e (4.19)
¢y x=a :O > Ky x=a :0

The variational formula for the boundary conditions at two ends x = ta is:

f’b[(xy )0+ (1, 4, )58, | dv+ f’b[(xy +1,) 5.+ (4, +4;) 5, | _dv=0
(4.20)
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Substitute the Eqs. (4.4), (4.6), (4.12) and (4.15) into Eq. (4.19), since o f 1is

arbitrary, the coefficient of it should always be zero and so a set of algebraic

equations for solving f can be obtained.
pf=q (4.21)

where p is the coefficient matrix of § f” f in expression J‘: [/{y§¢x + /cxy5¢y] dy

X=—a

b
+J.7b[xy5¢r+¢y§/cxy] ~dy and ¢ is the coefficient matrix of f in expression

I [xop+x,00]ave[[xio0+d0x,]_a).

xX=

Solve the first k terms in Eq (4.21) yields the value for fn,fn, f_n,f_n .

Substitute that results of fn,fn, f n,]_in ,EQs.(4.7)and(4.14)into Eq.(4.13), any point’s

value about wcan be obtained. Others bending solutions such as bending moment
and shear force can be derived by the relationships with the deflection. The larger is

the k , the more accurate is the result.

4.3.3 Plate with three sides clamped and one side free (CCCF)

The boundary condition at x direction is

=0
(4.22)
=0

X=a

Ky

¢X

K
X=—a Xy

=0 5 9

X=a

In this case, the variational formula for the boundary conditions at two ends x = *ais

[l )0 (s, 0, )00, | v [ (6,4 4) %, +(8, +4)) o, | dv=0
(4.23)
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Substitute the Eqgs. (4.4), (4.6), (4.12) and (4.15) into Eq. (4.23), since o f 1is

arbitrary, the coefficient of it should always be zero and so a set of algebraic

equations for solving f can be obtained.
pf=q (4.24)

where pis the coefficient matrix of 6 f f in expressionfb[lcyéﬁ +1<xy5¢y] dy

X=—a

+fb[¢*§’(y+¢y5’{xyl:ady and ¢ 1s the coefficient matrix of f in

_ { j”b [ <16, +x,58, | dy+ j"b [ 4.0, + 40K, ]Mdy} .

x=

Solve the first k terms in Eq (4.24) yields the value for £, f.,f .1, -
Substitute that results of fn,fn, f n,]_in ,EQs.(4.7)and(4.14)into Eq.(4.13), any point’s

value about wcan be obtained. Others bending solutions such as bending moment
and shear force can be derived by the relationships with the deflection. The larger is

the k , the more accurate is the result.

4.3.4 Plate with two opposite sides clamped, one side simply

supported and the other side free (CSCF)

The boundary condition at x direction is

1/ =0 ; K =0
H=na Hl=na (4.25)
¢X xX=a = 0 ; ¢y X=a = O

The variational formula for the boundary conditions at two ends x = *a is

J-—bb [(Ky * K; ) 5¢x + (¢} + ¢: )5ny lz_ady * .[_bb [(¢x + ¢j ) 5Ky + (¢y + ¢; ) 5ny lzady =0

(4.26)
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Substitute the Eqgs. (4.4), (4.6), (4.12) and (4.15) into Eq. (4.26), since o f 1is

arbitrary, the coefficient of it should always be zero and so a set of algebraic

equations for solving f can be obtained.

Pf=q (4.27)

where p is the coefficient matrix of JSf'f in the expression of

J._bb[Ky5¢X +¢,0x,, ]x:_ady + .[_bb [¢X5Ky +¢,0k,, ]x:ady and ¢q is the coefficient matrix

of f in expression —{ J._bb[/c;5@ + ¢;5ny ]x:_ady + J._bb[ﬂéky + ¢;5ny] _ady} .

X

Solve the first k terms in Eq. (4.27) yields the value for f,, f., f., f, can be

solved. Substitute those results offn,j_”n,f_n,]_‘_n , Egs. (4.7) and (4.14) into Eq. (4.13),

any point’s value about w can be obtained. Others bending solutions such as bending
moment and shear force can be derived by the relationships with the deflection. The

larger is the k , the more accurate is the result.

4.3.5 Plate with two opposite sides clamped, the other sides free

(CFCF)

The boundary condition at x direction is

=0 (4.28)

x=ta

9,

x=ta = 0 ’ ¢y

The variational formula for the boundary conditions at two ends x = ta is

[ [(#+8)5,+(9,+4,)ox, | av=0 (4.29)
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Substitute the Eqgs. (4.4), (4.6), (4.12) and (4.15) into Eq. (4.29), since o f 1is
arbitrary, the coefficient of it should always be zero and so a set of algebraic
equations for solving f can be obtained.

Pf=q (4.30)

xX=

where p is the coefficient matrix of 5 f” f in J-_bb[qjvé‘lcy + ¢y5nyJ )

dy and q s the
b % « X=a
coefficient matrix of f in —{jb[¢x5ky +¢y5/cxy] . dy}.

Solve the first £ terms in Eq. (4.30) yields Value for fn,_n, f n,f_n .

Substitute those results of fn,]_”n, ffn,zn , Egs. (4.7) and (4.14) into Eq. (4.13), any

point’s value about wcan be obtained. Others bending solutions such as bending
moment and shear force can be derived by the relationships with the deflection. The

larger is the & , the more accurate is the result.

4.4 Symplectic results and discussion

In order to test the stability and accuracy of the results, the convergence and

comparison study are carried out in the following sections.

4.4.1 Convergence study

Convergence studies were conducted in which the value of k& was varied from
k=4 to k=7 as shown in table 4.3 to table 4.7.This convergence study showed that

when k& =4, the results would suffice for the present problem. It should be pointed
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out that the value of & is limited by the word length of a computer, equations would

be found to be ill conditioned for £ with large value. Also it can be observed that:

» Bending results at the points (0,0), (0,b) converge to a specific value and keep

stable.

» Bending results at the point (a,O) oscillate around a specific value and the

amplitude decreases as k increases. Theoretically speaking, when k — o , the

amplitude is equal to zero and the value at the point (a,O) would be stable. The

results are exact solution at x =+a whenk — oo . While in practical applications,
we can only take the larger £ in order to get more accurate results.

» The convergence velocity of deflection is larger than that of the bending
moment. The reason is that bending moment is the higher order derivative of the
deflection.

» When the aspect ratio a/bis larger, the bending results are more stable. That

because the boundary condition at the y direction is fully satisfied while at

x direction, as variational principle is employed, the results are approximate

whenk # oo, So if the influence of the edge at y direction is larger, the results

will be better.



Table 4.3 Convergence study of the bending results of CCCC plates (v=0.3)

Dw(0,0)/164b"
a/b k=4 k=5 k=6 k=7
1.0 0.00126541 0.00126535 0.00126533 0.00126532
12 0.00172495 0.00172490 0.00172488 0.00172487
1.5 0.00219658 0.00219654 0.00219653 0.00219653
1.7 0.00238207 0.00238204 0.00238203 0.00238203
2.0 0.00253298 0.00253296 0.00253296 0.00253296
M(0,0)/4gb’
a/b k=4 k=5 k=6 k=7
1.0 -0.0229074 -0.0229061 -0.0229056 -0.0229054
12 -0.0228416 -0.0228410 -0.0228407 -0.0228406
1.5 -0.0202682 -0.0202681 -0.0202681 -0.0202681
1.7 -0.0182691 -0.0182692 -0.0182692 -0.0182692
2.0 -0.0158078 -0.0158080 -0.0158080 -0.0158080
M,(0,0)/4gb°
a/b k=4 k=5 k=6 k=7
1.0 -0.0229062 -0.0229056 -0.0229053 -0.0229052
12 -0.0299727 -0.0299721 -0.0299718 -0.0299717
1.5 -0.0367722 -0.0367717 -0.0367716 -0.0367715
1.7 -0.0392702 -0.0392699 -0.0392698 -0.0392697
2.0 -0.0411553 -0.0411551 -0.0411551 -0.0411550
M(a,0)/Aqb’
a/b k=4 k=5 k=6 k=7
1.0 0.0513861 0.0514693 0.0511766 0.0514619
12 0.0554235 0.0555660 0.0552392 0.0555399
1.5 0.0570233 0.0571909 0.0568527 0.0571568
1.7 0.0570964 0.0572658 0.0569277 0.0572311
2.0 0.0569846 0.0571528 0.0568162 0.0571186
M,(0,b)/Agh’
a/b k=4 k=5 k=6 k=7
1.0 0.0513387 0.0513356 0.0513345 0.0513341
12 0.0639010 0.0638991 0.0638984 0.0638981
1.5 0.0756602 0.0756592 0.0756589 0.0756587
1.7 0.0798405 0.0798399 0.0798397 0.0798396
2.0 0.0828666 0.0828663 0.0828662 0.0828661
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Table 4.4 Convergence study of the bending results of CCCS plates (v=0.3)

Dw(0,0)/16¢b"
a/b k=4 k=5 k=6 k=7
1.0 0.00157048 0.00157048 0.00157048 0.00157047
12 0.00196902 0.00196901 0.00196901 0.00196901
1.5 0.00233584 0.00233583 0.00233583 0.00233582
1.7 0.00246964 0.00246964 0.00246964 0.00246964
2.0 0.00257192 0.00257191 0.00257191 0.00257191
M(0,0)/4gb’
a/b k=4 k=5 k=6 k=7
1.0 -0.0236010 -0.0236004 -0.0236001 -0.0236000
12 -0.0222113 -0.0222110 -0.0222109 -0.0222108
1.5 -0.0190369 -0.0190368 -0.0190367 -0.0190367
1.7 -0.0171209 -0.0171208 -0.0171208 -0.0171208
2.0 -0.0149893 -0.0149893 -0.0149893 -0.0149893
M,(0,0)/4gb°
a/b k=4 k=5 k=6 k=7
1.0 -0.0277421 -0.0277420 -0.0277420 -0.02774190
12 -0.0336203 -0.0336201 -0.0336201 -0.03362008
1.5 -0.0386956 -0.0386955 -0.0386955 -0.03869545
1.7 -0.0404136 -0.0404135 -0.0404135 -0.04041343
2.0 -0.0416094 -0.0416093 -0.0416093 -0.04160929
M(a,0)/4qb’
a/b k=4 k=5 k=6 k=7
1.0 0 -0.0000218518 0.0000223367 -0.0000183799
12 0 -0.0000218610 0.0000223310 -0.0000183914
1.5 0 -0.0000218382 0.0000223416 -0.0000183898
1.7 0 -0.0000218271 0.0000223471 -0.0000183873
2.0 0 -0.0000218200 0.0000223506 -0.0000184497
M,(0,b)/4qb”
a/b k=4 k=5 k=6 k=7
1.0 0.0600023 0.0600017 0.0600014 0.0600012
12 0.0703008 0.0703003 0.0703001 0.0703001
1.5 0.0789198 0.0789195 0.0789194 0.0789194
1.7 0.0817223 0.0817221 0.0817221 0.0817220
2.0 0.0835650 0.0835649 0.0835649 0.0835649
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Table 4.5 Convergence study of the bending results of CCCF plates (v=0.3)

Dw(0,0)/16¢b"

a/b k=4 k=5 k=6 k=17

1.0 0.00188952 0.00188969 0.00188981 0.00188990

12 0.00214069 0.00214075 0.00214081 0.00214086

1.5 0.00238490 0.00238489 0.00238490 0.00238491

1.7 0.00248137 0.00248134 0.00248133 0.00248133

2.0 0.00256166 0.00256163 0.00256162 0.00256161
M(0,0)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 -0.0167664 -0.0167595 -0.0167560 -0.0167539

12 -0.0172184 -0.0172137 -0.0172112 -0.0172096

1.5 -0.0162716 -0.0162694 -0.0162681 -0.0162673

1.7 -0.0153723 -0.0153711 -0.0153703 -0.0153698

2.0 -0.0141956 -0.0141952 -0.0141949 -0.0141946
M,(0,0)/4gb°

a/b k=4 k=5 k=6 k=17

1.0 -0.0313606 -0.0313623 -0.0313634 -0.0313644

12 -0.0353537 -0.0353540 -0.0353545 -0.0353549

1.5 -0.0389587 -0.0389582 -0.0389581 -0.0389581

1.7 -0.0402849 -0.0402843 -0.0402841 -0.0402840

2.0 -0.0413120 -0.0413115 -0.0413113 -0.0413112
Dw(a,0)/16¢b"

a/b k=4 k=5 k=6 k=17

1.0 0.00294495 0.00294605 0.00294631 0.00294821

12 0.00295431 0.00295554 0.00295572 0.00295765

1.5 0.00293225 0.00293352 0.00293367 0.00293560

1.7 0.00292193 0.00292321 0.00292335 0.00292527

2.0 0.00291546 0.00291673 0.00291688 0.00291879
M(a,0)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 -0.00318793 0.00270158 -0.00187105 0.00103806

12 -0.00322766 0.00269352 -0.00184004 0.000999317

1.5 -0.00321726 0.00266578 -0.00180908 0.000972200

1.7 -0.00320750 0.00265556 -0.00180071 0.000966472

2.0 -0.00291546 0.00264978 -0.00179687 0.000964393
M,(0,b)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 0.0657496 0.0657493 0.0657505 0.0657519

12 0.0727781 0.0727770 0.0727772 0.0727778

1.5 0.0790244 0.0790229 0.0790225 0.0790224

1.7 0.0812600 0.0812587 0.0812582 0.0812580

2.0 0.0829293 0.0829284 0.0829280 0.0829278
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Table 4.6 Convergence study of the bending results of CSCF plates (v=0.3)

Dw(0,0)/16¢b"

a/b k=4 k=5 k=6 k=17

1.0 0.00224491 0.00224514 0.00224528 0.00224539

12 0.00239438 0.00239449 0.00239456 0.00239461

1.5 0.00252378 0.00252379 0.00252381 0.00252382

1.7 0.00256853 0.00256852 0.00256852 0.00256853

2.0 0.00260051 0.00260049 0.00260048 0.00260048
M(0,0)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 -0.0175192 -0.0175131 -0.0175099 -0.0175079

12 -0.0165766 -0.0165722 -0.0165698 -0.0165683

1.5 -0.0150505 -0.0150483 -0.0150470 -0.0150461

1.7 -0.0142320 -0.0142306 -0.0142298 -0.0142293

2.0 -0.0133793 -0.0133787 -0.0133784 -0.0133781
M,(0,0)/4gb°

a/b k=4 k=5 k=6 k=17

1.0 -0.0369980 -0.0370004 -0.0370018 -0.0370029

12 -0.0391492 -0.0391501 -0.0391507 -0.0391512

1.5 -0.0408781 -0.0408780 -0.0408780 -0.0408781

1.7 -0.0414233 -0.0414229 -0.0414228 -0.0414228

2.0 -0.0417651 -0.0417647 -0.0417646 -0.0417645
Dw(a,0)/16¢b"

a/b k=4 k=5 k=6 k=17

1.0 0.00297015 0.00297137 0.00297157 0.00297350

12 0.00294819 0.00294946 0.00294961 0.00295155

1.5 0.00292421 0.00292548 0.00292563 0.00292755

1.7 0.00291745 0.00291872 0.00291887 0.00292079

2.0 0.00291424 0.00291551 0.00291565 0.00291759
M(a,0)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 -0.00324114 0.00271002 -0.00185416 0.001009700

12 -0.00323186 0.00268182 -0.00182232 0.000981468

1.5 -0.00321035 0.00265742 -0.00180163 0.000966705

1.7 -0.00320285 0.00265135 -0.00179759 0.000964571

2.0 -0.00319874 0.00264877 -0.00179625 0.000964467
M,(0,b)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 0.0758052 0.0758077 0.0758099 0.0758118

12 0.0794352 0.0794356 0.0794364 0.0794371

1.5 0.0822781 0.0822774 0.0822773 0.0822773

1.7 0.0831341 0.0831332 0.0831329 0.0831327

2.0 0.0836265 0.0836257 0.0836254 0.0836251
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Table 4.7 Convergence study of the bending results of CFCF plates (v=0.3)

Dw(0,0)/16¢b"

a/b k=4 k=5 k=6 k=17

1.0 0.00255827 0.00255866 0.00255892 0.00255911

12 0.00256017 0.00256034 0.00256047 0.00256057

1.5 0.00257152 0.00257153 0.00257156 0.00257158

1.7 0.00257991 0.00257988 0.00257988 0.00257988

2.0 0.00259021 0.00259017 0.00259016 0.00259015
M(0,0)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 -0.0109747 -0.0109630 -0.0109570 -0.0109531

12 -0.0117270 -0.0117185 -0.0117139 -0.0117110

1.5 -0.0123190 -0.0123146 -0.0123121 -0.0123104

1.7 -0.0124935 -0.0124909 -0.0124894 -0.0124883

2.0 -0.0125867 -0.0125857 -0.0125851 -0.0125846
M,(0,0)/4gb°

a/b k=4 k=5 k=6 k=17

1.0 -0.0405929 -0.0405969 -0.0405996 -0.0406016

12 -0.0408188 -0.0408200 -0.0408212 -0.0408221

1.5 -0.0411269 -0.0411263 -0.0411263 -0.0411264

1.7 -0.0412911 -0.0412902 -0.0412899 -0.0412898

2.0 -0.0414674 -0.0414666 -0.0414662 -0.0414660
Dw(a,0)/16¢b"

a/b k=4 k=5 k=6 k=17

1.0 0.00290328 0.00290447 0.00290460 0.00290648

12 0.00291114 0.00291237 0.00291250 0.00291441

1.5 0.00291421 0.00291547 0.00291561 0.00291752

1.7 0.00291437 0.00291564 0.00291578 0.00291770

2.0 0.00291418 0.00291545 0.00291560 0.00291751
M(a,0)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 -0.00318191 0.00264123 -0.00179249 0.000964841

12 -0.00319264 0.00264735 -0.00179655 0.000966054

1.5 -0.00319775 0.00264926 -0.00179734 0.000965530

1.7 -0.00319835 0.00264920 -0.00179710 0.000965148

2.0 -0.00319830 0.00264894 -0.00179681 0.000961953
M,(0,b)/4qb’

a/b k=4 k=5 k=6 k=17

1.0 0.08152044 0.0815236 0.0815274 0.0815309

12 0.08181548 0.0818152 0.0818164 0.0818177

1.5 0.08236169 0.0823598 0.0823593 0.0823592

1.7 0.08266683 0.0826648 0.0826641 0.0826637

2.0 0.08299035 0.0829888 0.0829880 0.0829876
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4.4.2 Comparison study

Table 4.8 compares the bending results obtained using the symplectic method
with those of Timoshenko and Woinowsky-Krieger (1959) for CCCC plates. The
bending results show excellent agreement. Table 4.9 to Table 4.13 compares the
symplectic results with those obtained by finite software ABAQUS for the five cases
mentioned in this Chapter (i.e. CCCC, CCCS, CCCF, CSCF and CFCF). It can be
seen that there are big gaps between there two results for the bending moment at the
edges. Take the results of Timoshenko and Woinowsky-Krieger (1959) as the
reference; the ABAQUS® can not predict the bending moment of the plate at the
edges accurately. The symplectic method has a wider application than the classical

methods and more stable than the finite element method.
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Table 4.8 Comparison study for CCCC plates under uniform load (v=0.3)

alb Dw(0,0)/16gb" | M[(a,0)/4qb’ | ML0,b)/Aqb’ | ML0,0)/4qb’ | M/0,0)/4qb’
Lo | Present 0.00127 0.0514 0.0513 -0.0229 -0.0229
(1 0.00126 0.0513 0.0513 -0.0231 -0.0231
|| | Present 0.00151 0.0539 0.0581 -0.0231 -0.0267
[1] 0.00150 0.0538 0.0581 -0.0231 -0.0264
| | Present 0.00173 0.0554 0.0639 -0.0228 -0.0300
[ 0.00172 0.0554 0.0639 -0.0228 -0.0299
|3 | Present 0.00191 0.0563 0.0687 -0.0222 -0.0327
(1] 0.00191 0.0563 0.0687 -0.0222 -0.0327
|4 | Present 0.00207 0.0568 0.0726 -0.0213 -0.0350
[1] 0.00207 0.0568 0.0726 -0.0212 -0.0349
|g | Present 0.00220 0.0570 0.0757 -0.0203 -0.0368
[ 0.00220 0.0570 0.0757 -0.0203 -0.0368
L | Present 0.00230 0.0571 0.0780 -0.0193 -0.0382
(1 0.00230 0.0571 0.0780 -0.0193 -0.0381
|7 | Present 0.00238 0.0571 0.0798 -0.0183 -0.0393
[1] 0.00238 0.0571 0.0799 -0.0182 -0.0392
| g | Present 0.00245 0.0571 0.0812 -0.0174 -0.0401
[ 0.00245 0.0571 0.0812 -0.0174 -0.0401
Lo | Present 0.00250 0.0570 0.0822 -0.0165 -0.0407
(1] 0.00249 0.0571 0.0822 -0.0165 -0.0407
5o | Present 0.00253 0.0570 0.0829 -0.0158 -0.0412
(1 0.00254 0.0571 0.0829 -0.0158 -0.0412
[1]: Results of Timoshenko and Woinowsky-Krieger (1959)
Table 4.9 Comparison study for CCCC plates under uniform load (v=0.3)
alb | 1.0 1.2 1.5 1.7 2.0
Dw(0,0)/16gb’
Present 0.00127 0.00173 0.00220 0.00238 0.00253
FEM 0.00127 0.00173 0.00220 0.00238 0.00253
M.(0,0)/4gb’
Present -0.0229 -0.0228 -0.0203 -0.0183 -0.0158
FEM -0.0229 -0.0228 -0.0202 -0.0182 -0.0158
M,(0,0)/4gb°
Present -0.0229 -0.0300 -0.0368 -0.0393 -0.0412
FEM -0.0229 -0.0300 -0.0367 -0.0392 -0.0411
M (a,0)/4¢b’
Present 0.0514 0.0554 0.0570 0.0571 0.0570
FEM 0.0471 0.0510 0.0514 0.0514 0.0525
M,(0,b)/4qb’
Present 0.0513 0.0639 0.0757 0.0798 0.0829
FEM 0.0471 0.0591 0.0694 0.0735 0.0778




Table 4.10 Comparison study for CCCS plates under uniform load (v=0.3)

alb 1.0 1.2 1.5 1.7 2.0
Dw(0,0)/16¢b"
Present 0.00157 0.00197 0.00235 0.00247 0.00257
FEM 0.00157 0.00197 0.00234 0.00247 0.00257
M,(0,0)/4qb’
Present -0.0236 -0.0222 -0.0190 -0.0171 -0.0149
FEM -0.0236 -0.0222 -0.0190 -0.0171 -0.0149
M,(0,0)/4gb°
Present -0.0277 -0.0336 -0.0387 -0.0404 -0.0416
FEM -0.0277 -0.0336 -0.0386 -0.0403 -0.0415
M,(0,b)/Aqh’
Present -0.0600 -0.0703 -0.0789 -0.0817 -0.0836
FEM -0.0543 -0.0642 -0.0726 -0.0754 -0.0773
Table 4.11 Comparison study for CCCF plates under uniform load (v=0.3)
alb 1.0 1.2 1.5 1.7 2.0
Dw(0,0)/16¢b"
Present 0.00189 0.00214 0.00238 0.00248 0.00256
FEM 0.00189 0.00214 0.00238 0.00248 0.00256
M(0,0)/4qb’
Present -0.0168 -0.0172 -0.0163 -0.0154 -0.0142
FEM -0.0167 -0.0172 -0.0162 -0.0153 -0.0142
M,(0,0)/4gb°
Present -0.0314 -0.0354 -0.0390 -0.0403 -0.0413
FEM -0.0313 -0.0353 -0.0389 -0.0402 -0.0412
Dw(a,0)/16gb’
Present 0.00294 0.00295 0.00293 0.00292 0.00292
FEM 0.00296 0.00296 0.00294 0.00293 0.00292
M(a,0)/4¢b’
Present -0.00319 -0.00323 -0.00322 -0.00320 -0.00292
FEM -0.000218 -0.00081 -0.00076 -0.00075 -0.00075
M,(0,b)/Aqb’
Present 0.0657 0.0728 0.0790 0.0813 0.0829
FEM 0.0650 0.0692 0.0729 0.0751 0.0767

69



Table 4.12 Comparison study for CSCF plates under uniform load (v=0.3)

alb | 1.0 1.2 1.5 1.7 2.0
Dw(0,0)/16¢b*
Present 0.00224 0.00239 0.00252 0.00257 0.00260
FEM 0.00225 0.00239 0.00252 0.00257 0.00260
M(0,0)/4qb’
Present -0.0175 -0.0166 -0.0150 -0.0142 -0.0134
FEM -0.0175 -0.0165 -0.0150 -0.0142 -0.0133
M,(0,0)/4gb°
Present -0.0370 -0.0391 -0.0409 -0.0414 -0.0418
FEM -0.0370 -0.0391 -0.0408 -0.0413 -0.0416
Dw(a,0)/16gb’
Present 0.00297 0.00295 0.00292 0.00292 0.00291
FEM 0.00298 0.00295 0.00293 0.00292 0.00292
M(a,0)/4qb’°
Present -0.00324 -0.00323 -0.00321 -0.00320 -0.00320
FEM -0.00083 -0.00078 -0.00075 -0.00075 -0.00075
M,(0,b)/4qb’
Present 0.0758 0.0794 0.0823 0.0831 0.0836
FEM 0.0698 0.0733 0.0761 0.0769 0.0774
Table 4.13 Comparison study for CFCF plates under uniform load (v=0.3)
alb | 1.0 1.2 15 1.7 2.0
Dw(0,0)/16¢b"
Present 0.00256 0.00256 0.00257 0.00258 0.00259
FEM 0.00256 0.00256 0.00257 0.00258 0.00259
M(0,0)/4qb’
Present -0.0110 -0.0117 -0.0123 -0.0125 -0.0126
FEM -0.0109 -0.0117 -0.0123 -0.0125 -0.0126
M,(0,0)/4gb°
Present -0.0406 -0.0408 -0.0411 -0.0412 -0.0415
FEM -0.0406 -0.0407 -0.0410 -0.0412 -0.0416
Dw(a,0)/16gb’
Present 0.00290 0.00291 0.00291 0.00291 0.00291
FEM 0.00292 0.00292 0.00292 0.00292 0.00292
M (a,0)/4qb’
Present -0.00318 -0.00319 -0.00320 -0.00320 -0.00320
FEM -0.00058 -0.00058 -0.00075 -0.00075 -0.00058
M(0,b)/Aqb’
Present 0.0815 0.0818 0.0824 0.0827 0.0830
FEM 0.0768 0.0770 0.0763 0.0765 0.0781




4.5 Closure

In this chapter, the symplectic solution for the plates with two opposite sides
clamped is discussed. Variational principle is used to deal with the boundary
condition. Convergence and comparison study are conducted to verify the stability
and validity of the symplectic method. It can give the accurate results for the edges
of the plates which can not be accurately predicted by finite element software. From
the study we can conclude that the symplectic method can successfully solve the

bending solutions of plates with two opposite sides clamped.
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Chapter 5 Plates with Opposite Sides

Unsymmetrical

5.1 Introduction

h/2
h/2

Fig. 5.1 Configuration and coordinate system of plates

Symplectic solution for plates with opposite sides unsymmetrical will be
discussed in this chapter. The cases include: plates with one side simply supported
and the opposite side clamped, plates with one side simply supported and the
opposite side free and plates with one side clamped and the opposite side free.
Without symmetry, more constants should be solved in the symplectic formulation.
In this chapter, the eigenvalue, eigenvector, general solutions are newly developed
by the current research study. Then the constant for the general solution will be

solved from the boundary conditions at the x direction. Consequently, the exact
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solutions are obtained. Fig.5.1 shows the configuration and coordinate system of

plates which are discussed in this chapter.

5.2 Plates with one side simply supported and the

opposite side clamped

In this section, the transcendental equation, eigenvalue, eigenvector and
general solution for plates with one side simply supported and the opposite side
clamped are derived. Based on that derivation, the bending solutions for four types

of plates (CFSF, CSSF, CCSF and CSSC) will be solved.

5.2.1 Symplectic formulation

Consider a plate with one side simply supported and the opposite side

clamped at y =0 and y = b, the boundary conditions are

M,| =0, w =0
S 0 (5.1)
4,,=0, w,_ =0
a 2 2
Knowing that Hza—w , M = . , K, :L 9 ~VK, = 0 VZV and x,, = - ow , the
oy T ox D oy ox Ox0y
boundary conditions in Eq. (5.1) can be replaced by
g,
bl =0, L Ll o
y=0 D ay Y "
. (5.2)
1 04,
W {yop =Y, Ba__VKy =0
y b
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For a zero eigenvalue, the eigen-solutions are all equal to zero. These are trivial
solutions and they do not have physical interpretation. For nonzero eigenvalues,
substituting the general eigen-solutions expressed by Eq.(2.39) into the
homogeneous boundary conditions (5.2), and equating the determinant of coefficient
matrix to zero yield the transcendental equation of nonzero eigenvalues for bending

of simply supported plate on opposite sides along y=0 and y =5 as
sin (2ub) =2 b (5.3)

The corresponding basic eigenvector is

—[sinz (1,b) +t—ﬂ sin(u,y)— u,ycos(4,)
7 {i—sinz(ynb)}cos(ﬂny)+ﬂny5in(ﬂnJ’)
v = zy _ I_Vﬂ (5.4)
nyy _W”_V){[l+sin2(,unb)]Sin(,u,,y)"'ﬂnycos(funy)}
ﬁ{—sinz (1,b)cos(p,y)+ p,ysin(1,7)}
Then the solution to eigenvalue equation (2.32) is
v, =exp(u, X)W, (5-3)

From the curvature-deflection relation (2.9), the deflection of plate can be expressed

as

exp(44,X) 2 i
o (e (s s eos(un) - (59)

The first several eigenvalues for a plate with Poisson’s ratio v =0.3 are listed in
Table 5.1.
Based on the eigenvalues and eigenvectors, the general solution for a plate

with one side simply supported and the opposite side clamped can be solved from the
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expansion theorem. Thus, the analytical solution of the original problem can be

obtained.

Table 5.1 Nonzero eigenvalue for plates with one side simply supported and the

opposite side clamped (v=0.3)

N 1 2 3 4 5
Re(u,b) 7+0.6072 2 7+0.6668 3 7+0.6954 4 7+0.7109 57+0.7219
Im(u,b) 1.3843 1.6761 1.8584 1.9916 2.0966

5.2.2 Symplectic treatment for the boundary

The formulation derived in Sec. 5.2.1 is valid for bending of a thin plate with

one side simply supported and the opposite side clamped at y =0 and y =5 and no

restriction is imposed on the remaining two boundaries. Exact bending solutions for

various examples of such plates are presented as follows.

5.2.2.1 Plates with two opposite sides free, one side simply supported

and the opposite side clamed (CFSF)

Consider a plate with boundary conditions CFSF under a uniformly

distributed load ¢ .The expanded expression can be constructed from the eigen-

solutions of nonzero eigenvalue (5.3-5.6) as

v= [+ T+ Ly + 1] (5.7)

n=1
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where v ,v_ are the eigenvectors that correspond to the eigenvalue x , which is

listed in Table 5.1 and their respective symplectic adjoint eigenvalue —z, , while
v ,v_ are the eigenvectors that correspond to the complex conjugate eigenvalues
Tu,.

and the deflection of the plate is

w:w*+i[fnwn+ﬁwn+ffnwfn+]_”7nv_vfn] (5.8)

A particular solution caused by distributed load ¢ in the domain is

* q 4 3,13
=——(2y"=3by" +b 59
W= (20 =374 by) (5.9)

the corresponding bending moment and shear force are

Kk, =k, =0, K, :%(4)/2 —3by)
* o qV 2
& =0, g =07 (-9b+8) (5.10a-f)

M;:q—g‘/(4y2—3by), M;:%(4y2—3by)

Eqs.(5.7) to (5.10) are also applicable to the other cases of plates with one side
simply supported and the opposite side clamped.

The boundary condition in x direction is

9.

x=i§ = O ’ ¢J’ 3

=0 (5.11)
2
The variational formula for the boundary conditions at two ends x = +%4s

a
X=—

j;[(¢x+¢:)5Ky+(¢y+¢;)§ny:| dy=0 (5.12)

x=——
2
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Substitute the Egs. (5.4), (5.5), (5.7) and (5.10) into Eq. (5.12), since ¢ f is arbitrary,

the coefficient of it should always be zero and so a set of algebraic equations for

solving f can be obtained.

Pf=q (5.13)

a

where pis the coefficient matrix of 5 f” f in Jj[@éky +¢y5/(xy} =Eady and ¢ is the
T

coefficient matrix of f in —{J.Ob [¢r oK, + ¢;§KXJ :Ea dy} .
)

Solve the first & terms in Eq. (5.13) yields the value for constants.

Consequently, any point’s value about w, M , M can be obtained. The larger is

the £ , the more accurate is the result.

5.2.2.2 Plates with two adjacent sides simply supported, one side
clamped and one side free. (CSSF)
Consider a plate with boundary condition CSSF, under a uniformly

distributed load g . The boundary condition in x direction is

¢y :_EZO ? Ky :_EZO
(5.14)
¢x x:g = O ; ¢y x:g = O
2

. o a.
The variational formula for the boundary conditions at two ends x = iE is

[[[(x, 5 )30+ (0, +0,) 3, | v [(0.+8) 5, + (4,44 )ox, ] Ldv=0

2

(5.15)
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Substitute the Egs. (5.4), (5.5), (5.7) and (5.10) into Eq. (5.15), sinced f 1is arbitrary,

the coefficient of it should always be zero and so a set of algebraic equations for

solving f can be obtained.

Pf=q (5.16)

where p is the coefficient matrix of JSf'f in the expression of

J.:[Kyé'@ +¢,0k,, lczzdy + Iob[@éky_ + ¢y§nyl=£dy and ¢ is the coefficient matrix

2
of £ in —{ [k +d00,] v+ [d0x,+ ¢;5ny]x=ady}.
2 2

Solve the first kterms in Eq. (5.16) yields the value for constants. So any

point’s value about w,M , M , can be obtained. The larger is the k£, the more

accurate is the result.

5.2.2.3 Plates with two adjacent sides clamped, one side simply

supported and one side free. (CCSF)

Consider a plate with boundary conditions CCSF, under a uniformly

distributed load ¢ . The boundary condition in x direction is

(5.17)

In this case, the variational formula for the boundary conditions at two

a.
endsx:igls

-[:[(Ky - K:)é%‘ +(ny * K:y)5¢y l:ldy—'— J:[(¢X * ¢:)5K}’ + (¢} + ¢:)5K&v ]ngy =0

2

(5.18)
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Substitute the Eqs. (5.4), (5.5), (5.7) and (5.10) into Eq. (5.18), since d f 1is arbitrary,

the coefficient of it should always be zero and so a set of algebraic equations for

solving f can be obtained.
pf=q (5.19)

LAy

2

where pis the coefficient matrix of  f' f in expression Iob[/cyé'@ +/cxy5¢5y]

+I§[¢X5K'y+¢yé‘l(xy:| ,dy and ¢ is the coefficient matrix of f in

2

—{jj[:«;(s@ + Kiya‘qﬁy]x:;dy +[ [giox, + ¢;5ny]x=;dy}.

Solve the first £ terms in Eq. (5.19) yields the value for constants. So any

point’s value about w, M, M  can be obtained.

5.2.2.4 Plates with two adjacent sides simply supported, others

clamped. (CSSC)

Consider a plate with boundary condition CSSC, under a uniformly

distributed load ¢, the boundary condition in x direction is

K| o= 0 ; Kyl o= 0
(5.20)
¢y a = 0 ? Ky =4 =0

_y .. a.
The variational formula for the boundary conditions at two ends x = iz 1s:

J-Ob |:(K‘y + 5, ) 0P+ (ny +i, ) 5¢y] O J-j |:(K‘y +K, ) op, + (¢y +4, )§ny lzgdy =0

x=
2

(5.21)

79



Substitute the Egs. (5.4), (5.5), (5.7) and (5.10) into Eq. (5.21), sinced f 1is arbitrary,

the coefficient of it should always be zero and so a set of algebraic equations for

solving f can be obtained.
pf=q (5.22)

oAy

2

. . . . b
where p is the coefficient matrix of Sf'f in _[O [/cy§¢x+/cxy5¢y]
+J.;[Ky5¢x+¢y5lcxy]x:£dy and ¢ is the coefficient matrix of f in
2

_{ j: [K;5¢x +x.,59, lzldy + jo" [K;(S(zﬁx +4.0K, Lady} :
2 2

Solve the first & terms in Eq. (5.22) yields the value for constants. So any

point’s value about w, M, M  can be obtained.

5.3 Plates with one side simply supported and the

opposite side free

In this section, the transcendental equation, eigenvalue, eigenvector and the
general bending solutions for plates with one side simply supported and the opposite
side free are derived. Based on that derivation, the bending solutions for two types

of plates (SFFF and SSFF) will be solved.

5.3.1 Symplectic formulation

Consider a plate with one side simply supported and the opposite side free in

the y direction, the boundary conditions are
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M| =0, w _ =0
(5.23)
M| _, =0, FVy‘y:b =0
0’ 0 2
Knowing that M :%, F, =- ¢2y , and K, =i ) —VK =8_v2v’ the boundary
oox ox D oy Yoox
conditions in Eq. (5.23) can be replaced by
0
¢X =0 = al’ i ¢)/’ —VKy = O
D oy y0 (5.24)
¢x y=b = 09 ¢y‘y:b = 0

The unknown constant g, in the boundary conditions should be treated first

because it is an inhomogeneous term.

For a, term, the following equation should be solved
Hy, =0 (5.25)

with boundary conditions on two sides as

0
¢x y=0 =1, l ¢y —VK, =0
D oy y=0 (5.26)
bl,,=0. 4] =0
The solution is
b 1
4
=i ,0,0, 5.27
Vo { b 2D(1—v)b} 27
and the corresponding solution for Eq. (2.32) is
v, =V, (5.28)

From the curvature-deflection relation, the deflection of the plate after integration is

xy
_ 5.29
" "D (1-v) 629

and the solution with homogeneous boundary conditions is



0
. o =0, 1 9 -vk,| =0
D oy yd (5.30)
¢x y=b = 07 ¢y‘y=b = 0

For a zero eigenvalue, the eigensolutions are all equal to zero. These are trivial
solutions and they do not have physical interpretation. For nonzero eigenvalues,
substituting the general eigensolutions that are expressed by Eq. (2.39) into the
homogeneous boundary conditions (5.30) and equating the determinant of the
coefficient matrix to zero yield the transcendental equation of nonzero eigenvalues

for the bending of simply supported plate on opposite sides along y=0 and y =5b as
2ub(1-v)+(3+Vv)sin(2ub)=0 (5.31)

The corresponding basic eigenvector is

_ T:‘// cos’ (ﬂnb)sm(ﬂny) —,unycos(,uny)
O] | =2 sin (sb)cos (4,0 + 1,500 (1,7)
P, —v
v,=| |- . |
K, Lz{[(%rv)smz (,unb)—3+v]sm(,uny)—(l—v),unycos(,uny)}
K, D(1-v)
H, _ {[(3+V)sin2(ynb)—Z]cos(,uny)+(1—V),unysin(,uny)}
D(l—v)
(5.32)
Then, the solution to eigenvalue equation (2.32) is
v, =exp(u,X)y, (5.33)

From the curvature-deflection relation, the deflection of the plate can be expressed as

1+v—(3+v)sin® (u,b)
D(1-v) 4,

ycos(u,y)
D(1-v)

(5.34)

w, = exp(4,x) sin(4,»)+

Similarly, the first several eigenvalues for a plate with Poisson’s ratio v = 0.3 are

listed in Table 5.2.
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Table 5.2 Nonzero eigenvalue for a thin plate with one side simply supported and the

opposite side free (v=0.3)

N 1 2 3 4
Re(u,b) 0.57+0.5690 0.57+0.7863 1.572+0.7100 47+0.7109
Im(u,b) 0 0 0.7439 0.9865

Based on the eigenvalues and eigenvectors, the general solution for a plate
with opposite sides clamped can be solved from the expansion theorem. Thus, the

analytical solution of the original problem can be obtained.

5.3.2 Symplectic treatment for the boundary

The formulation derived in Sec. 5.3.1 is valid for bending of a thin plate with

one side simply supported and the opposite side free at y=0 and y=>5 and no

restriction is imposed on the remaining two boundaries. Exact bending solutions for

various examples of such plates are presented as follows.

5.3.2.1 Plates with one side simply supported others free with support

at the corner of two adjacent free sides. (SFFF)

Consider a plate with boundary conditions SFFF under a uniformly
distributed load ¢ . The expanded expression can be constructed from the

eigensolutions of the nonzero eigenvalue (5.31-5.34) as

0

v=Y L v ST S L] (5.35)

n=l1

&3



where v ,v_ are the eigenvalues that correspond to the eigenvalue x , which is

n’

listed in Table 5.2, and their respective symplectic adjoint eigenvalue —u,, while

v ,v_ are the eigenvectors that correspond to the complex conjugate eigenvalues

n’" —n
Tu,.

and the deflection of the plate is
w=w + Z[fnwn LW oW+ oW, ] +aw,+cx+c,y+c, (5.36)
n=l1

where the ¢, x+c,y +c, is the rigid body displacement.

As W, = 0, we can get

¢ =c;=0 (5.37)

A particular solution that is caused by the distributed load ¢ in the domain is

o4
w —m[—3bx2y+(—2b+3bv)y3+(1—V)y4] (5.38)

and the corresponding bending moment and shear force are

*

M = %[—b(1+3v)+2vy], F. =0 (5.39a,b)

Consequently,

¢, = Mdy

(5.40a,b)
¢ = [| Fdvdy ’

0
¢x y:0:a1’ i ¢y —VKy :0

D oy 40 (5.41a,b)
4., =0 4], =0

Substitute the boundary condition (5.41a, b) into the expression (5.40a, b) and we

can get
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¢ =aq (1 - Xj
b (5.42a.b)

.1 1
¢ :ﬁbzq(3b+5bv)+£qy2 [-3b(1+3v)+4vy]

As w

[3 b] =0,a, c, can be expressed by f,, f. (i =+1,+2,---) which are the
>

()7

unknown constants that can be determined by the boundary conditions

«=0 (5.43)
In practical applications, it is necessary to solve only the first £ terms in Eq. (5.35).

- .. a .
Then, the variational formula for the boundary conditions at two ends x = iE is

(18 + b0+ 8) 56, +(9, + 80+ 4 ) 05, | udy=0 (5.44)

.
Substitute Eqs. (5.27) (5.32) (5.35) and (5.42) into Eq. (5.44). Because o f is

arbitrary, its coefficient should always be zero, and a set of algebraic equations for

solving f can be obtained.

rf=q (5.45)

where p is the coefficient matrix of JSf'f in the expression of

Iob [(¢x +9., )&(y +(¢y +¢yo)5xxy ]XZEG dy, and ¢q is the coefficient matrix of f in
)

a
xX=—

_ j;[¢:5l(‘y +go, | Zudy.

X=——
2

f.» f.. f.. f., canbe solved from Eq. (5.45).

Thus, the expression for w is
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zﬁ[—mzw( “2b+30v)y +(1-v)y* | +a 2bDT e

2 (ﬂe%{uv—;? :_vv))s;i n(ﬂnb)sm( wy ycos Y J
7. {1+v (z:_VV))SZH; ,(ﬁnb)sm( 7y ycos 1y } (5.46)
f,,ew{”v—(z: vv))szh;n(#nb)sm( y)+ yco(s ﬂ”) )J
o ) et

where the constants can be solved with different value of &
The slope, shear force, bending moment, and twisting moment can be solved

according to their relationship with deflection:

6= g - (5.482)
ox 7 oy
o’'w  O'w
M, ZD(K'X+VK‘ ):D —tV— (5.48b)
g Ox oy
ow  O'w
M, :D(Ky +VKX)=D o e (5.48¢)
o’w
M_=D(l-v)x, =-D(l1-v 5.48d
2 =DV}, =-D(1-) 2 (5480
oM 20M IGE 3
Vx: o — W:aMx_ xy:D 81/31/+(2 ) azw (5_486)
oy ox oy | Ox O0y~Ox
oM. oM, 6 20M 3 3
Fy=Fy - e O 2 _p| OV (5 ) O (5.481)
ox oy ox oy ox“0y




5.3.2.2 Plates with two adjacent sides simply supported others free

(SSFF)

Consider a plate with boundary conditions SSFF under a uniformly

distributed load ¢ . The deflection of the plate is
w=w + Z[fnwn LW oW+ W, } +aw,+cx+c,y+c; (5.49)
n=l1

where the ¢, x +c,y +c; is the rigid body displacement.

=0, W, o =0, we can get

As w
»=0 )

¢=c¢=0
(5.50a,b)

C, =

a
a —
"4bD(1-v)
The variational formula for the boundary conditions at two ends x = i% is

j:[(zcy K0+ K )30, +(p, + 40+ 4, ) S5, l}gdy + J.:[(@ 0+ 8,) 5k, +(p, + o+ ¢;)5KX},]x:3dy -0
(5.51)

Substitute Eqs. (5.27) (5.32) (5.35) and (5.42) into Eq. (5.44). Because o f is

arbitrary, its coefficient should always be zero, and a set of algebraic equations for

solving f can be obtained.

pf=q (5.52)

where p is the coefficient matrix of Jf'f in the expression of

I: [Ky5¢x + ¢y5lcxylzldy + _[(f[@é‘/(y +¢,0xk,, l:ﬁdy , and ¢ 1is the coefficient matrix
2

2

of f in - [ jo” [xi6p.+goe, ] v+ jo” (4.5, +#6x, ]xzadyj .
2 2

f.» f.. f., f. canbe solved from Eq. (5.52).

Thus, the expression for w is
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q 2 Xy a
=————-3b —2b+3b 1-
vy R S A MU S A 2D (1-v) " 4D (1-v)”
) _ c 2
(e l+v (3+v)521n (u,b) sin(z,7) ycos ,uny
- D(1-v) 4,
— o[ 1+v=(3+v)sin®(z,b) . ycos ,u
et “—~sin Eatin i EA
g ( D(1-v) &, (7.) (5.53)
1+v—(3+v)sin*(u b cos
fe ( ) > (2, )sm(yny) o4 ,uny)
D(1-v) 4, D(1-v)
_ .2 — _
7 o 1Y (3+V)Szm (ﬂnb)sm(ﬁn ) , yeos(#,7)
D(-)R D(i-v)

where the constants can be solved with different value of &
The slope, shear force, bending moment, and twisting moment can be solved

according to their relationship (5.48) with deflection.

5.4 Plates with one side clamped and the opposite

side free

In this section, the transcendental equation, eigenvalue eigenvector and
general bending solution for plates with one side clamped and the opposite side free
are derived. Based on that derivation, the bending solutions for three types of plates

(CFFF, CFFC and CFFS) will be solved.

5.4.1 Symplectic formulation

Consider a plate with one side clamped and the opposite side free in the y

direction, the boundary conditions are
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6 =0, w =0

y=0 y=0

(5.54)
M|, =0, F[_ =0
a 2 2
Knowing that 9=6—W,M = 9. , K, =i 9 —VK =8_1;v’ andx, =— ow , the
o 7 oOx D oy T ox Y OxOy
boundary conditions in Eq. (5.54) can be replaced by
1 09,
Kyl , =0 — 6’ —VK, =0
’ D ay 4<0 (5.55)
bl,,=0. 4] =0

For a zero eigenvalue, the eigensolutions are all equal to zero. These are trivial
solutions and they do not have physical interpretation. For nonzero eigenvalues,
substituting the general eigensolutions that are expressed by Eq. (2.39) into the
homogeneous boundary conditions (5.55) and equating the determinant of the
coefficient matrix to zero yield the transcendental equation of nonzero eigenvalues

for the bending of a simply supported plate on opposite sides along y =0 and y =5

as
242> (1=v ) +(v—=1)(v +3)cos(2ub) —V* ~2v=5=0 (5.56)

The corresponding basic eigenvector is



LZ{cos(/;ﬂy)[cos(yﬂb)(b,ujy+b,ujv2y—2vb,ufy—4)+sin(,unb)(2b+y+vy)J+
sin (#,)| 1, (1-v)cos (s1,b)(b-+bv+2y) +sin (u,b)(~1-v* +by§y+by3v2y—2vbyjy—2v)]}

2(1DV2{COS(ﬂn)’)[sin(#nb)(bﬂ:y+bﬂfvzy—2vb,ufy+2)+2cos(,unb)/un (V—l)(b—y):|+
M\ 1=

sin(,uny)[,un (V2 —l)sin(,u"b)(b— ) —cos(,unb)(2+ bily+bulvy —2vbuy + 2v)]}

(llvz{cos(,uny)[cos(ynb)(byfy —vbuv’y —4) —u,sin(u,b)(2b-2bv +y+ vy)} +
/’l}’l -

sin(,uny)[,uﬂ cos(,unb)(b—bv+2y)—sin(,unb)(1+v—byfy+vb,ufy)}}

,u(ll—v)z{y cos(u,y)| m,bsin(p,b)(1-v)+24, cos(u,b) |+

sin(,u,,y)[,uﬂ sin(u,b)(b—bv+y+vy)+cos (ynb)(Z +buyv —byfy)}}

(5.57)
Then, the solution to eigenvalue equation (2.32) is
v, =exp(u,x)y, (5.58)
From the curvature-deflection relation, the deflection of the plate can be expressed as

w = M{cos(yny)[,unby cos(u,b)(v—1)+ u,y(1+v)sin (,unb)] +

w(1=v) (5.59)
sin(,uny)[,un cos(u,b)(b—bv—-2y)+ sin(,unb)(b,ufyv —bu’y—v —1)]}

Similarly, the first several eigenvalues for a plate with a Poisson’s ratio v = 0.3 are

listed in Table 5.3.

Table 5.3 Nonzero eigenvalue for a plate with one side clamped and the opposite

side free (v=0.3)

N 1 2 3 4 5

Re(zz b) | 057 +1.13603 | 0.57+0.45643 1.5z +125221 | 2.57+1.32914 | 3.57+1.370925

Im(ﬁnb) 0 0.35653 1.63374 2.09731 2.40263

90



Based on the eigenvalues and eigenvectors, the general solution for a plate
with both opposite sides clamped can be solved from the expansion theorem. Thus,

the analytical solution of the original problem can be obtained.

5.4.2 Symplectic treatment for the boundary

The formulation derived in Sec. 5.4.1 is valid for bending of a thin plate with

one side clamped and the opposite side free at y =0 and y =5 and no restriction is

imposed on the remaining two boundaries. Exact bending solutions for various

examples of such plates are presented as follows.

5.4.2.1 Plates with one side clamped and others free (CFFF)

Consider a plate with boundary conditions CFFF under a uniformly

distributed load ¢ . The expanded expression can be constructed from the

eigensolutions of the nonzero eigenvalue (5.56-5.59) as

0

v=Y L v S L L] (5.60)

n=l

where v ,v_ are the eigenvalues that correspond to the eigenvalue x,, which is
listed in Table 5.3, and their respective symplectic adjoint eigenvalue —x , while
v, ,v_, are the eigenvectors that correspond to the complex conjugate eigenvalues

Tu,.

and the deflection of the plate is
w=w + 2| fw, + L, + L, + 7, ] (5.61)
n=l1

A particular solution that is caused by the distributed load ¢ in the domain is
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* q 2.2
—4by® +6b°y 5.62
YT [y y ] (5.62)
So,
N :q( —2by+b ) &0
y > xy
2D (5.63a-d)
q (y 2by+b ) .
x ) > 2 0
Consequently,

¢; :'[M*dyzcl+czy

(5.64a,b)
é. J.j - dydy ——qv( P -3by’ +3b2y)+c3
Substitute Eq. (5.64) into the boundary condition
¢),,=0. ¢| =0 (5.65a,b)
We can get ¢ =0, ¢, =0 (5.66a,b)
As Mxy (_g ) =Mxy (ng =0 (567)
o

¢, can be expressed by fi,fi (i=%1,%2,---) and f_l.,f_l. (i=%1,£2,---), which are the

unknown constants that can be determined by the boundary conditions

¢y‘x:_ﬁ =0 , ¢y e =0
? ? (5.68a-d)
¢x x:g = O ; ¢y xzﬁ = 0
2

In practical applications, it is necessary to solve only the first £ terms in Eq.

(5.68). Then, the variational formula for the boundary conditions at two ends

x=t

J,[(9.+6) o, +(9,+¢) o, | =0 (5.69)



Substitute Egs. (5.64 a, b), (5.57) and (5.60) into Eq. (5.69). Because o f 1is arbitrary,
its coefficient should always be zero, and a set of algebraic equations for solving f

can be obtained.

Pf=q (5.70)

a

where p is the coefficient matrix of 5 f' f in jj[@é‘l{y +¢y§/{xy} =Eady, and ¢ is
)

X

the coefficient matrix of f in —K |:¢;§K'y +¢;5ny] =Eady. .. fon fo.. f,can
2

be solved from Eq. (5.70).
Thus, any point’s value about deflection, moments, shear force etc. can be

obtained.

5.4.2.2 Plates with two adjacent sides clamped and others free (CFFC)

Consider a plate with boundary conditions CFFC under a uniformly

distributed load ¢ . The variational formula for the boundary conditions at two ends

x=*—1s

xX=—=

2

[T, + )30+ (e, +, )30, | v+ [](6.+6) 55, +(4,+4;)ox, | =0

(5.71)

Substitute Egs. (5.64), (5.57) and (5.60) into Eq. (5.71). Because O f is arbitrary, its
coefficient should always be zero, and a set of algebraic equations for solving f can

be obtained.

pf =4 (5.72)



where p is the coefficient matrix of Sf'f in the expression of

I: [Ky5¢x +K,00, l:ﬂdy + Ij[¢x5Ky + ¢y5nyl=,zdy , and ¢ 1is the coefficient matrix
2

2

of f in - { j(f | x50, + 5,60, | ,dv+ Iob | 4.0, +8,0x, ]x__ady} .
2 2

f.. f.. f., f. canbe solved from Eq. (5.72).

Thus, any point’s value about deflection, moments, shear force etc. can be

obtained.

5.4.2.3 Plates with two adjacent sides free, one clamped and another
simply supported (CFFS)
Consider a plate with boundary conditions CFFS under a uniformly
distributed load g . The variational formula for the boundary conditions at two ends

x=*—is

X=——

2

[[(, )30, + (0, +0) 3, | v+ [[(4.+40)0k, +(g,+4))ox, ] ,dv=0
T2
(5.73)
Substitute Egs. (5.64), (5.57) and (5.60) into Eq. (5.73). Because o f is arbitrary, its

coefficient should always be zero, and a set of algebraic equations for solving f can

be obtained.

pf =4 (5.74)
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where p is the coefficient matrix of JSf'f in the expression of

I: [Ky5¢x +¢,0x,, lzgdy + J.Ob |:¢X5K‘y +¢,0x,, ]ledy , and ¢ 1is the coefficient matrix
2

2

x=—=

2

of £ in —[ ([0 +d,0c,] dv+] [#0x, +g0x,] adyj .
2

f.. f.. f., f. canbe solved from Eq. (5.75).

Thus, any point’s value about deflection, moments, shear force etc. can be

obtained.

5.5 Symplectic results and discussion

In order to test the stability and accuracy of the results, the convergence and

comparison study are carried out in the following sections.

5.5.1 Convergence study

Convergence studies were conducted for the three typical cases: CCSF, SFFF

and CFFF. There are four accurate digits exist with presentk .

» Bending results at the points (0,0), (O,b) converge to a specific value and keep
stable.

» Bending results at the point (a,O) oscillate around a specific value and the
amplitude decreases as k increases. Theoretical speaking, when k — oo , the
amplitude is equal to zero and the value at the point (a,0) would be stable. The

results are exact solution at x =+a whenk — oo . While in practical applications,



we can only take the larger &£ in order to get more accurate results.

The convergence velocity of deflection is larger than that of the bending

moment. The reason is that bending moment is the higher order derivative of the

deflection.

Table 5.4 Convergence study of the bending results of CCSF square plates (v=0.3)

) Dpw(0,0) | M,(0,0) | M, (0,0) | Dw(a,0) | M, (a,0) | M, (0,b)
gb* gb’ gb’ gb’ qb’ gb’

5] 0.00311222 | -0.0210261 | -0.0393057 | 0.00549978 | 0.00203550 | 0.0836366

6 | 0.00311248 | -0.0210199 | -0.0393079 | 0.00550702 | 0.00269898 | 0.0836392

71 0.00311265 | -0.0210154 | -0.0393095 | 0.00551045 | 0.000876824 | 0.0836390

8| 0.00311289 | -0.0210127 | -0.0393117 | 0.00550930 | -0.00228849 | 0.0836436

9| 0.00311306 | -0.0210106 | -0.0393131 | 0.00551026 | -0.00117354 | 0.0836463

Table 5.5 Convergence study of the bending results of SFFF square plates (v=0.3)

k| Dw(0,0) | M, (0,0) | M, (0,0) | Dw(a,0) M, (a,0) | M,(0,b)
qb4 qb2 qbz qb4 qb2 qbz

8 | 0.0183422 | -0.0628230 | -0.117991 | 0.0161677 | 0.000439161 0

9 | 0.0183427 | -0.0628274 | -0.117991 | 0.0161699 | -0.000764133 | 0

10 | 0.0183429 | -0.0628301 | -0.117991 | 0.0161703 | -0.000453306 0

11| 0.0183431 | -0.0628318 | -0.117991 | 0.0161694 | 0.000252816 | 0

12| 0.0183432 | -0.0628328 | -0.117991 | 0.0161694 | 0.000310253 0




Table 5.6 Convergence study of the bending results of CFFF square plates (v=0.3)

k DW(O,O) M, (0,0) M, (0,0) Dw(a,O) M. (a,O) M, (O,b)
qb4 qb2 qb2 qb4 qb2 qb2

5 0.0457568 0.0233731 0.122524 0.0418150 0.00309627 0

6 0.0457792 0.0235098 0.122654 0.0438499 0.01920110 0

7 0.0457986 0.0235120 0.122633 0.0426580 0.00147105 0

8 0.0458063 0.0235744 0.122651 0.0433620 -0.0136182 0

9 0.0458152 0.0235712 0.122652 0.0430625 -0.00342534 0

5.5.2 Comparison study

Comparison studies ware conducted for the nine cases of two opposite sides
unsymmetrical. Here, k£ =12 for the plates with one side simply supported and the
opposite side clamped, k£ =9 for the plates with one side simply supported and the
opposite side free and k£ =10 for the plates with one side clamped and the opposite
side free. Results obtained by finite element software ABAQUS® are used as the
reference. From the tables we can see that these two methods show agreement at the
center of the plate and for the deflection results at edges. While there are big
differences exist for the bending moment results on the edges. According to the
study of Chapter Four, we can see that the bending moment results of ABAQUS®
are not so reliable at the edges. While the results calculated by symplectic method
are analytical results. That means if the results for deflection are accurate, the
bending moment results are reliable too. That is one of the reasons to develop this

symplectic method.



Table 5.7 Comparison study of the bending results of CFSF plates (v=0.3)

98

" Dw(0,0) | M, (0,0) | M,(0,0) | Dw(a,0) | M (a,0) | M, (0,b)
a
gb* gb’ gb’ gb* gb’ gb’
Present | 0.00514513 -0.0149299 | -0.0606922 | 0.00587623 | -0.00139589 0.122326
1.0
FEM 0.00514989 -0.0148251 -0.0606982 | 0.00589769 | -0.00028091 0.119372
Present | 0.00512980 -0.0177963 -0.0613378 0.00592151 | -0.00140599 0.122867
1.5
FEM 0.00513916 -0.0177547 | -0.0613133 0.00594405 | -0.00028366 0.119785
Present | 0.00515877 -0.0186694 | -0.0619073 0.00592824 | -0.00140888 0.123915
2.0
FEM 0.00515651 -0.0186396 -0.0618251 0.00594316 | -0.00070056 0.117742
Table 5.8 Comparison study of the bending results of CSSF plates (v=0.3)
" Dw(0,0) | M, (0,0) | M, (0,0) | Dw(a,0) | M (a,0) | M, (0,b)
a
gb* gb’ gb’ gb* gb’ gb’
Present | 0.00394477 -0.0245030 | -0.0497547 | 0.00579330 | -0.00129662 0.102789
1.0
FEM 0.00395778 -0.0244863 -0.0498444 | 0.00582570 | -0.00034102 -0.001613
Present | 0.00469050 -0.0231240 | -0.0578644 | 0.00593857 | -0.00140127 0.117050
1.5
FEM 0.00469230 -0.0230755 -0.0578057 | 0.00595013 | -0.00094107 0.109460
Present | 0.00501876 -0.0210757 | -0.0610243 0.00593424 | -0.00141011 0.122555
2.0
FEM 0.00502052 -0.0210437 | -0.0609780 | 0.00594935 | -0.00070211 0.116367
Table 5.9 Comparison study of the bending results of CCSF plates (v=0.3)
" Dw(0,0) | M, (0,0) | M, (0,0) | Dw(a,0) | M (a,0) | M, (0,b)
a
gb* gb’ gb’ gb* gb’ gb’
Present | 0.00311306 -0.0210106 | -0.0393131 0.00551026 | -0.00117354 | 0.0836463
1.0
FEM 0.00311755 -0.0209464 | -0.0393050 | 0.00553553 | -0.00091042 -0.060001
Present | 0.00425549 -0.0239969 -0.0531235 0.00591581 | -0.00138291 0.108502
1.5
FEM 0.00425625 -0.0239589 | -0.0530566 | 0.00592858 | -0.00097157 0.101160
Present | 0.00482369 -0.0222927 | -0.0591352 | 0.00593564 | -0.00140874 0.119240
2.0
FEM 0.00482513 -0.0227160 | -0.0590858 | 0.00595103 | -0.00070605 0.113084




Table 5.10 Comparison study of the bending results of CSSC plates (v=0.3)
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" Dw(0,0) | M (0,0) | M,(0,0) | Dw(a,0) | M (a,0) | M (0,b)
a
gb* gb’ gb’ gb* gb’ gb’
Present | 0.00210376 -0.0304356 | -0.0304419 0 0.000059067 | 0.0677414
1.0
FEM 0.00211650 -0.0304647 | -0.0304647 0 0.0628475 0.0628475
Present | 0.00382112 -0.0293279 | -0.0497040 0 -0.000059126 0.102785
1.5
FEM 0.00382839 -0.0293078 -0.0496963 0 0.0708816 0.0954292
Present | 0.00468333 -0.0247049 | -0.0582498 0 -0.000059143 0.117876
2.0
FEM 0.00468876 -0.0248190 | -0.0582361 0 0.0732346 0.111705
Table 5.11 Comparison study of the bending results of SFFF plates (v=0.3)
" Dw(0,0) | M, (0,0) | M, (0,0) | Dw(a,0) | M (a,0) | M, (0,b)
a
gb* gb’ gb’ gb* gb’ gb’
Present 0.0183432 -0.0628328 -0.117991 0.0161694 0.000310253 0
1.0
FEM 0.0184004 -0.0627598 -0.117809 0.0162434 -0.00203794 | -0.00354953
Present 0.0345363 -0.109420 -0.115019 0.0172407 0.000347014 0
1.5
FEM 0.0346766 -0.109642 -0.114464 0.0173328 -0.00329853 | -0.0046529
Present 0.0653221 -0.143575 -0.115081 0.0178460 0.000364395 0
2.0
FEM 0.0656950 -0.144053 -0.144053 0.0179785 -0.00271469 | -0.00364937
Table 5.12 Comparison study of the bending results of SSFF plates (v=0.3)
" Dw(0,0) | M, (0,0) | M, (0,0) | Dw(a,0) | M (a,0) | M, (0,b)
a
gb* gb’ gb’ gb* gb’ gb’
Present 0.0574272 -0.0726277 | -0.0726660 0.103164 0.0129806 0
1.0
FEM 0.0574812 -0.0726566 | -0.0726566 0.103994 -0.00229530 | -0.1170180
Present 0.122080 -0.1160561 -0.0901455 0.217966 0.0844290 0
1.5
FEM 0.132158 -0.1172680 | -0.0904814 0.218965 -0.00340663 | -0.00376742
Present 0.242167 -0.148563 -0.108166 0.370055 0.0676151 0
2.0
FEM 0.243285 -0.1493590 | -0.1019280 0.377446 -0.00272257 | -0.00329053




Table 5.13 Comparison study of the bending results of CFFF plates (v=0.3)
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" Dw(0,0) | M (0,0) | M, (0,0) | Dw(a,0) | M (a,0) | M, (0,b)
a
gb* gb’ gb’ gb* gb’ gb’
Present 0.0458152 0.0235712 0.122652 0.0430625 -0.00342534 0
1.0
FEM 0.0488688 0.0236736 0.122743 0.0433140 0.000351953 | 0.000123811
Present 0.0455905 0.0328935 0.124424 0.0422505 -0.00339099 0
1.5
FEM 0.0456150 0.0330393 0.124621 0.4249490 0.000486809 0
Present 0.0453249 0.0366866 0.126051 0.0418993 -0.00336099 0
2.0
FEM 0.0453422 0.0367879 0.126206 0.0421594 0.000366066 0
Table 5.14 Comparison study of the bending results of CFFC plates (v=0.3)
" Dw(0,0) | M (0,0) | M,(0,0) | Dw(a,0) | M, (a,0) | M, (0,b)
a
gb* gb’ gb’ gb* gb’ gb’
Present | 0.00848644 | -0.000983401 | -0.000983401 0 0.126438 -0.000239702
1.0
FEM 0.00870892 | -0.000970712 | -0.000970712 0 0.125700 -0.000591268
Present | 0.0175709 -0.0135355 0.0176510 0 0.144765 0
1.5
FEM 0.0178437 -0.0123728 0.0192467 0 0.146090 -0.000364981
Present | 0.0257712 -0.0116813 0.0405057 0 0.151061 0
2.0
FEM 0.0259537 -0.0109917 0.0416148 0 0.152062 -0.000386133
Table 5.155 Comparison study of the bending results of CFFS plates (v=0.3)
" Dw(0,0) | M, (0,0) | M, (0,0) | Dw(a,0) | M (a,0) | M,(0,b)
a
gb* gb’ gb’ qb* gb’ gb’
Present 0.0175136 -0.0254412 | 0.00247198 0 -0.000025647 0
1.0
FEM 0.0180620 -0.0243576 | 0.00471059 0 -0.00194925 -0.00141142
Present 0.0267191 -0.0188677 0.0341498 0 -0.000025205 0
1.5
FEM 0.0270711 -0.0179363 0.0359883 0 -0.00243339 -0.00159184
Present 0.0331376 -0.0054811 0.0604170 0 -0.00002540 0
2.0
FEM 0.0333390 -0.00488736 | 0.0616031 0 -0.00189829 -0.00097855




5.6 Closure

In this chapter, the symplectic solution for the plates with two opposite sides
unsymmetrical is discussed. The transcendental equation, eigenvalue, eigenvector,
general bending solution and exact bending results are solved for 9 boundary
conditions. Convergence and comparison study are conducted and corresponding
symplectic results are present for others’ reference. It is concluded that the bending

results solved by symplectic method are valid for the cases studied in this chapter.
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Chapter 6 Corner Supported Plates

6.1 Introduction

w2 3
2 3

Fig. 6.1 Configuration and coordinate system of plates

This chapter presents the first ever exact solution for the bending problem of
a free, rectangular thin plate supported at four corners. The problem has drawn great
attention since the 1950s because of its vast engineering applications. The exact
analysis employs a new symplectic elasticity approach that goes beyond the
limitation of the classical plate bending analyses such as Timoshenko’s method,
Navier’s solution, and Levy’s solution. The latter (classical) methods are, in fact,
proved to be special cases of this symplectic approach in the real eigenvalue regime.
When plate bending problems enter the complex eigenvalue regime, such as plates

without opposite sides simply supported, the classical methods fail to yield exact



solutions. The symplectic approach, however, does. The free boundaries with corner
supports are dealt with using the variational principle. The expression of state vector
has been formulated by Yao et al. (2007). Based on that formulation, exact analytical
bending modes are then derived by the expansion of eigenfunctions. Fig.6.1 shows

the configuration and coordinate system of plates which discussed in this chapter.

6.2 Symplectic formulation

The exact solution for bending of corner supported plates using a new

symplectic approach is sought. For a plate with two opposite sides y =+b free, the

boundary conditions are

M, e = 0, F, = 0 (6.1)
Knowing that
o, o'¢
My :E, FVy :—gzy (62)
we have
g.=[Mdc+a,  § =—[[Fde+a,+ax (6.3)

The boundary conditions in Eq. (6.1) can be replaced by

9,
9,

y==b

= (6.4a, b)

y=b
and the unknown constants are a,,a,,a,, where a, are expressed in two parts

according to the null moment functions as

P =a,—-ay, P, =a +ax (6.5)
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These constants are inhomogeneous terms that must be solved. First, g, can

be solved from the following equation

Hy, =0
with boundary conditions
bl_,=0. 4] =0
¢x y:b = 0’ ¢y‘y7b _1

The solution is

T
0 +b —v
Vo {0’ 2 ’2bD(1—v2)’0}

The solution for the corresponding problem

v=Hy
is

Vo =¥o
From the relation between the moment and the bending moment function

0 0
M _99. M —ﬁ M :%+ﬁ

Yo Yooy Yooy ox
the corresponding bending moments are

1

M =5 M),=0, M, =0
From equations of equilibrium
oM, oM, _ oM, oM, o
ox oy S Oy Ox Y
the shear forces are
Fg,=0, Fg,=0

Further, from the curvature-deflection relation

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)
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K, = w’ K, = , K = (6.15)

the deflection of the plate after integration is

2 2
w, = ———+rigid body displacement (6.16)
" 4bD(1-v?)

The physical interpretation of v is pure bending.

Next, the g, term can be solved from the following equation

Hy, =0 (6.17)
with boundary conditions
R (6.18)
g, =1  4],=0
The solution is
T
Vo :{yzzb’o’o’ 4bD(11—v)} (6.19)

The corresponding solution for Eq. (6.9) is
vh =v (6.20)

From Eq. (6.11), the corresponding bending moments are

1
Mly=0, My=0, M,,=— (6.21)
4b
and from Eq. (6.13), the shear forces are
Fg,=0, Fg,=0 (6.22)

Further, from the curvature-deflection relation, the deflection of the plate after
integration is

- Xy

w, = —————+rigid body displacement 6.23
"= wD(1-v) g y disp (6.23)
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The physical interpretation of v, is pure torsion.
Finally, the a, term must be solved. As a, in the expression of ¢, in Eq.

(6.4b) has a multiplierx, the solution corresponds to the next Jordan form of the
inhomogeneous solution y, with respect to ¢,=1. Hence, the a, term can be
solved from the following equation:

Hy? =y, (6.24)
The coefficient of a, in the expression of ¢_in Eq. (6.4b) is —b, and its influence
only exists in the boundary conditions of ;. Hence, the boundary conditions on

both opposite sides are

¢x — :Oﬂ ¢ _ :0
r s (6.25)
b=t 4),=0
The solution is
=) =5") yes T
Wg = - Y )OJ 07 vy ,O (626)
4b(1+v) 2b 26D (1-v*)
and the corresponding solution for Eq. (6.9) is
Ve =W, +ay (6.27)
From Eq. (6.11), the bending moments are
M= M =0, M), =—02>— 6.28
oot 70 2b(1+v) (6.28)
and from Eq. (6.13), the shear forces are
Fo,= ! > =0 (6.29)

= - @ F? -
*2b(1+v)

Further, from the curvature-deflection relation, the deflection of the plate after

integration is
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2
) X’ —3vxy

Wi = +rigid body displacement 6.30
"= (1) gid body disp (6.30)

The physical interpretation of v, is constant shear bending in the direction of the x -

axis.

After obtaining the three inhomogeneous particular solutions, we discuss the
solutions that correspond to the homogeneous boundary conditions.
The homogeneous boundary conditions for a plate bending with both opposite sides

free are

9,

=0 6.31)

y=tb

)
Obviously, the eigensolutions that satisfy the eigenvalue equation

Hy (y)=uy(y) (6.32)
and (2.39) are only eigensolutions of the nonzero eigenvalue. They can be divided
into two sets, i.e., the symmetric and the antisymmetric solutions with respect to x .
Substituting solutions with only A and C terms in general solutions into the
homogeneous boundary conditions (6.31) and equating the determinant of coefficient

matrix to zero yield the transcendental equation of nonzero eigenvalues for

symmetric plate deformation with both opposite sides free as
2ub(1-v)=(3+Vv)sin(2ub) (6.33)
Let eigenvalues u, be a solution to Eq. (6.33), and the corresponding eigensolution

for symmetric deformation is
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3+v
1-v
3+v
1-v

sin’ (,unb) cos (,uny) + 4, ysin (,uny)

cos” (u,b)sin( 1,y )+ p,ycos(u,y)
ol (6.34)
D(1-v)

ﬁ{@ —(3+v)cos’ (,unb)] sin(u,y)+(1-v) u,y cos (/Uny)}

{[(3 +Vv)cos’ (,unb)—3+v] cos(u,y)+(1-v)u,y sin(,uny)}

and the solution for the corresponding problem (6.9) is
v, = exp(u, 0, (6.35)

Further, from the curvature-deflection relation, the deflection of a plate after

integration is

~ 1+v—(3+v)cos’ (u,b) _ ysin(4,y)
w, = exp(,unx){ D(l—v)2 " cos(u,») —D(l—v) (6.36)

The first several eigenvalues for a plate with a Poisson’s ratio of v = 0.3 are listed in

Table 6.1.

Table 6.1 Nonzero eigenvalue for symmetric deformation of thin plate with both

opposite sides free (v=0.3)

N 1 2 3 4 5
Re(u,b) | 1.2830 7+0.6973 27407191 | 37+0.7313 | 4 7+0.7393
""" Im(ﬂb) 0 0.5446 0.8808 1.0730 1.2101

Based on the eigenvalues and eigenvectors, the general solution for a plate
with both opposite sides free can be solved from the expansion theorem. Thus, the

analytical solution of the original problem can be obtained.
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6.3 Symplectic treatment for the boundary

A specific example for the bending of a corner-supported rectangular plate

under a uniformly distributed load g is presented. As the problem is symmetric with

respect to the x -axis, the expanded expression can be constructed only from the

symmetric eigensolutions of the nonzero eigenvalue (6.33-6.35) as

v:i[ Iyt f Ly, + ] (6.37)

n=1

where v ,v_ are the eigenvalues that correspond to the eigenvalue x , which is
listed in Table 6.1, and their respective symplectic adjoint eigenvalue —x , while

v ,v_ are the eigenvectors that correspond to the complex conjugate eigenvalues

n’" —-n
Tu,.

and the deflection of the plate is

w=w +Z[fnwn +fw o+ oW +znv_tgn]+cow(()0) +c1w(()l) +c2w(()2) +cx+c,y+¢(6.38)

n=1

where c,x+c,y +c; is the rigid body displacement.
As the deflection shape of the plate is symmetric with respect to the x -axis and y -
axis, no x>, »*"™" exists in the expression.
Therefore, we can get
¢ =¢c=c,=c¢,=0 (6.39)

A particular solution that is caused by distributed load ¢ in the domain is

* q

w=——2 | x-120°0=v)y? —6vx*y* +(2-v)vy* 6.40

and the corresponding bending moment and shear force are
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= El - q(—l—l—v)x

M, = 2(1+V) {xz +v[—2b2v+x2 +(—1+v)y2]}, F, = T (6.41a,b)
Consequently,

: . qv| —6b™V? +3(1+v)x* +(=1+v)v)’

¢y:jdey:_ [ ( ) ( ) ]+p0

6(1+v)
(6.42a,b)
I+v)x

2 .”‘ . dydy = T‘z))}-'_ px+p,

¢X y=—b = 07 ¢y y=—b = 0 (6 43a_d)

¢:y: =c,—chb=0, ¢;‘y:b:q+c3x:q

Substitute the boundary condition (6.43) into the expression (6.42), and we can get
qg(—1+v)x
Py=p,=0, p= _alt)x (6.44a, b)
(1+v)

Substitute Eq. (6.44) into Eq. (6.42) and

__qy[—6b2v2 +3(1+v)x2 +(—1+V)Vy2:|

6(1 + v)
(6.45a, b)
5= g(-1+v)(b-y)xy
' 2(1+v)
Substitute Eq. (6.45a) into Eq. (6.43b) , we can get
3
- bqv(1+5v) (6.46)
3(1 + v)

fl.,]_‘i (i==%1,£2,---) are the unknown constants that can be determined by the
boundary conditions ¢, =¢, =0 at two ends x==*a. In practical applications, it is

necessary to solve only the first & terms in Eq. (6.37). Then, the variational formula

for the boundary conditions at two ends x =+a is

=a

fb[(@ +4, )5Ky +(¢y +4, )5ny} dy=0 (6.47)



Substitute Eqgs. (6.34), (6.35), (6.37) and (6.45) into Eq. (6.47). Because O f is
arbitrary, its coefficient should always be zero, and a set of algebraic equations for
solving f can be obtained.

Pf=q (6.48)

X=

where p is the coefficient matrix of 5 f' f in J._bb [¢X5Ky +¢y5lcxy] _dy,and q is

xX=

the coefficient matrix of f in —J‘_bb[@é/cy +¢;5KW] dv.f,, f. f.. f,can

xX=

be solved from Eq. (6.48).

Now, only one unknown constant exists in the expression of w, i.e., c;,
which can be solved by the boundary condition
w(a,b) =0 (6.49)

Thus, the expression for w is

w= 24D(—1+qv)(1+v)2 {—6a2 (1+1/)(—x2 +Vy2)+2b21/[—(1+5v)x2 —(—3+V)(2+V)y2:|+

(1+v)[—x4 +6vx’y? +(—2+v)vy“]}+c5 +
(e ([1+V—(3+V)Cosz (ﬂnb)] cos(1,y) ~ ysin(yny)J+

s

n=1 ,unD(l—V)z D(1-v)
7 g [[1+v—(3+v)cos2 (ﬁnb)]cos(ﬁ,,y) ~ ysin(ﬁny)}_'_
' a,D(1-v) D(1-v)
o L[l +v —(3 + V)cos2 (/ufnb)]COS(/Lny) B ysin(y_ny)] N
’ w,D(1-vY D(1-v)
f . [[1 +v —(3 + V)0052 (ﬁinb)]COS(ﬁfny) ~ ysin(ﬁny)J
’ aZ,D(1-v) D(1-v)

(6.50)
The slope, shear force, bending moment, and twisting moment can be solved

from the basic elasticity relationship.
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6.4 Symplectic results and discussion

In order to test the stability and accuracy of the results, the convergence and

comparison study are carried out in the following sections.

6.4.1 Convergence study

Table 6.2 presents a convergence study with & increasing from k=7 to
k =14 . Here, the quantities are expressed in dimensionless terms, for instance, the
deflection is nondimensionalized as Dw/16ga* . Here and after, Poisson’s ratio

v =0.3 is employed while any thickness ratio is not required because information

on plate thickness is implicit within the dimensionless quantities through plate

flexural rigidity D(= ER’ / 12(1 —v’ )) in which % is the plate thickness. In general,

converged results are obtained for k& =14 as observed in the table and, hence, all

subsequent results are calculated using k£ =14.

It is clear that the bending of a corner-supported plate with uniform
distributed loading has two planes of symmetry. The symmetric bending nature is
further confirmed in Table 6.2, within the tolerance of & terms in some cases, it can

be observed that:
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It is also noticed that convergence of w, 6, M , F, at points (0,0) and

(O,b) is excellent while at point (a,O) , the values oscillate with decreasing

amplitude about specific values as k increases. Theoretical speaking, absolute
convergence is achieved for £ — oo and the boundary conditions are analytically

fulfilled. In practice, a finite k& is adopted while numerical convergence is assured.

The convergence rate decrease for quantities having higher derivatives of
deflection. In general, the convergence rate for deflection is excellent and it
becomes less convergent for slope, then moment and lastly shear force. The
deteriorating convergence rate is because the slope is the first derivative of deflection,
the moment is the second derivative of deflection and the shear force is the third
derivative of the deflection. It can be concluded that the higher the derivative order,

the poorer the convergence behavior.



Table 6.2 Convergence study of the bending results of FFFF plates (v=0.3)

| | B | R [ en | e
7 | 0.0255066 | 0.0177477 | 0.0177471 | -0.0195251 -0.0195234
8 | 0.0255066 | 0.0177472 | 0.0177472 | -0.0195207 -0.0195234
9 | 0.0255065 | 0.0177474 | 0.0177472 | -0.0195273 -0.0195233
10 | 0.0255065 | 0.0177474 | 0.0177472 | -0.0195195 -0.0195232
11 | 0.0255065 | 0.0177474 | 0.0177473 | -0.0195263 -0.0195231
12| 0.0255065 | 0.0177474 | 0.0177473 | -0.0195201 -0.0195230
13 | 0.0255065 | 0.0177474 | 0.0177473 | -0.0195253 -0.0195230
14 | 0.0255065 | 0.0177474 | 0.0177473 | -0.0195209 -0.0195229
| M00) [ m(00) [ m08) [ M(@0) | M(a0)

4qb’ 4gb’ 4qgb’ 4gb’ 4gb*
7 | -0.111711 | -0.111716 | -0.150439 | -0.151101 -0.000654977
8 | -0.111711 | -0.111714 | -0.150439 | -0.149999 0.000639537
"""""" 9 | -0.111711 | -0.111713 | -0.150439 -0.150725 -0.000588535
10 | -0.111711 | -0.111713 | -0.150439 | -0.150268 0.000496283
11 | -0.111711 | -0.111712 | -0.150439 | -0.150535 -0.000421168
""""" 12 | -0.111711 | -0.111712 | -0.150439 | -0.150400 0.000344437
13 | -0.111711 | -0.111712 | -0.150439 | -0.150441 -0.000284715
14 | -0.111711 | -0.111712 | -0.150439 | -0.150467 0.000225661
. M, (0,b) | M_(0,0) | M _(a,0) | M_(0,b) 0, (a,0) 0,(0,b)

4qb* 4qgb’ 4gb* 4qgb’ 2gb 2gb
7 0 0 0 0 -0.03893440 0
8 0 0 0 0 0.03247000 0
9 0 0 0 0 -0.02558350 0
100 0 0 0 0.01930580 0
TR 0 0 0 -0.01383120 0
120 0 0 0 0 0.00916049 0
130 0 0 0 -0.00512306 0
140 0 0 0 0.00322078 0
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6.4.2 Comparison study

Table 6.3 Comparison study of the bending results of FFFF plates (v=0.3)

115

Methods [1] [2] [3] [4] [5] [6] [7]
DH{00)
16gd" 0.0249 | 0.0261 | 0.0256 — 0.0257 | 0.0256486 0.0255065
Dw(-a,0)
8" 0.01705 | 0.0186 | 0.01793 — 0.01795 | 0.0179296 0.0177474
M{00)
0.1090 | 0.1104 | 0.1115 — 0.1115 | 0.111512 0.111711

4
M0

4‘}12 0.1404 | 0.1542 | 0.1500 — 0.1499 0.149574 0.150439
M, (-a-06)

4qaz — 0.075 0.028 0.0003 | 0.0158 | 0.0422852 0.0634901
M, (-0.6a,-0.6a)

' dqd — 0.045 — 0.0418 | 0.0419 | 0.0419135 0.041317
Mxy(—a,—a)

2 — — — — — 0.0882664 0.122723*
4qa
Qx(—a,O)

anz — 0.25 0.427 0.004 0.05 0.147769 0.00164927
0,(-084,0)

2qa2 — 0.2 — 0.1756 | 0.1754 0.175246 | 0.000272188

[1]: Galerkin method;
[2]: Lee and Ballesteros method;
[3]: Ritz method;

[4]: Modified Ritz method;

[5]: ABAQUS" from Wang et al. (2002);

[6]: Results by ABAQUS™ from author;

[7]: Symplectic method.

In order to further substantiate the accuracy of symplectic approach, a

comparison of results from various sources including Galerkin (1953), Lee and



Ballesteros (1960), the Ritz method and modified Ritz method (Wang et al, 2002),
finite element solutions (Wang et al, 2002) and the symplectic solutions is presented
in Table 3. In the present finite element simulation using ABAQUS, the plate
thickness-to-width ratio is 0.01, the Poisson’s ratio is v=0.3 and a mesh of
100x100=10000 4-node S4R doubly curved thin shell elements with reduced
integration, hourglass control, finite membrane strains is constructed. In general, we
observed excellent agreement for deflection and bending moment for results from all

sources. The comparison for twisting moment shows mixed consistency with

agreement at point (—0.6a,—0.6a) and disagreement at points (—a,—0.6a) and
(—a,—a). Apparently, the shear forces prediction from all sources are in absolute

disagreement.

Without absolute agreement, one may argue that the accuracy of symplectic
solutions is not justified. In this respect, we establish the reliability and accuracy of

the symplectic approach via the following facts:

» From Tables 6.2, the bending moment and shear forces at free edges are zero
which are, in fact, precisely the boundary conditions (6.46) and (6.62) that are
imposed in the symplectic approach. However, it has long been recognized that
the Ritz method and various FE methods are unable to satisfy the zero bending
moment and zero shear force conditions at the free edges. Research on
formulation of superior FEs satisfying natural boundary conditions are still
going on.

» From static equilibrium of a corner-supported plate, the twisting moment at the

corners is determined as (M o/ 4qab) L= 1/8 . The symplectic solution in

x=ta;y==*

Table 6.3 is 0.122723 which is very close to the exact equilibrium solution
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where the slight difference is due to the number of terms employed in the
computation. In this respect, the FE solution (=0.0882664) using ABAQUS is

not accurate at all.

From the arguments above, there is strong ground to justify that the
symplectic solutions presented in the tables are accurate solutions and could be

referred as benchmarks for future reference.

For illustrative purposes, a set of contour and figures for deflection, bending
moments, twisting moment and shear forces are presented in Figs. 6.2-6.37

respectively.

1

0.5 '
0
-0.5 .
-1 -0.5 0 0.5

-1

1
Fig. 6.2 Contour plot for the deflection of Fig. 6.3 3-D plot for the deflection of

plate with a 1:1 aspect ratio plate with a 1:1 aspect ratio
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Fig. 6.4 Contour plot for the deflection of Fig. 6.5 3-D plot for the deflection of

plate with a 1.5:1 aspect ratio plate with a 1.5:1 aspect ratio

"

0.5

N i

-2 -1 0 1 2

Fig. 6.6 Contour plot for the deflection of Fig. 6.7 3-D plot for the deflection of

plate with a 2:1 aspect ratio plate with a 2:1 aspect ratio
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-1} ‘ , ‘ ‘
-1 -0.5 0 0.5 1

Fig. 6.8 Contour plot for the M, of plate ~ Fig. 6.9 3-D plot for the M, of plate with

with a 1:1 aspect ratio with a 1:1 aspect ratio

0.5

-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 6.10 Contour plot for the M, of plate  Fig. 6.11 3-D plot for the M, of plate with

with a 1.5:1 aspect ratio a 1.5:1 aspect ratio
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Fig. 6.12 Contour plot for the M, of plate  Fig. 6.13 3-D plot for the M, of plate with

with a 2:1 aspect ratio a 2:1 aspect ratio

=—

Fig. 6.14 Contour plot for the M, of plate  Fig. 6.15 3-D plot for the M, of plate with

with a 1:1 aspect ratio a 1:1 aspect ratio
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Fig. 6.16 Contour plot for the M, of plate Fig. 6.17 3-D plot for the M, of plate

with a 1.5:1 aspect ratio with a 1.5:1 aspect ratio

Fig. 6.18 Contour plot for the M, of plate  Fig. 6.19 3-D plot for the M, of plate with

with a 2:1 aspect ratio a 2:1 aspect ratio
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Fig. 6.21 3-D r plot for the M,, of plate

Fig. 6.20 Contour plot for the M,, of plate

with a 1:1 aspect ratio

with a 1:1 aspect ratio

Fig. 6.23 3-D plot for the M,, of plate

Fig. 6.22 Contour plot for the M,, of plate

with a 1.5:1 aspect ratio

with a 1.5:1 aspect ratio
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-2 -1 0 1 2

Fig. 6.24 Contour plot for the M,, of plate Fig. 6.25 3-D plot for the M,, of plate

with a 2:1 aspect ratio with a 2:1 aspect ratio

Fig. 6.26 Contour plot for the O, of plate  Fig. 6.27 3-D plot for the Q. of plate with

with a 1:1 aspect ratio a 1:1 aspect ratio
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Fig. 6.28 Contour plot for the O, of plate  Fig. 6.29 3-D plot for the Q. of plate with

with a 1.5:1 aspect ratio a 1.5:1 aspect ratio

Fig. 6.30 Contour plot for the O, of plate  Fig. 6.31 3-D plot for the Q, of plate with

with a 2:1 aspect ratio a 2:1 aspect ratio
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-1 -0.5 0 0.5 1

Fig. 6.32 Contour plot for the O, of plate  Fig. 6.33 3-D plot for the Q, of plate with

with a 1:1 aspect ratio a 1:1 aspect ratio

-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 6.34 Contour plot for the O, of plate ~ Fig. 6.35 3-D plot for the O, of plate with

with a 1.5:1 aspect ratio a 1.5:1 aspect ratio
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Fig. 6.36 Contour plot for the O, of plate  Fig. 6.37 3-D plot for the O, of plate with

with a 2:1 aspect ratio a 2:1 aspect ratio

6.5 Closure

Based on a new symplectic elasticity approach, this chapter presents
benchmark analytical bending solutions for a corner-supported thin rectangular plate
subject to a uniform distributed load. The approach trespasses an area of practical
engineering interest beyond the ability of the classical methods such as
Timoshenko’s method, Navier method, Levy method and the approximate
polynomial method of Lee and Ballesteros (1960). The variational principle is
formulated in the symplectic geometry space and the zero bending moment and shear
force boundary conditions at the free edges are satisfied. This problem has intrigued
researchers for more than half a century in both analysis and numerical analysis

including the finite element method because the satisfaction of natural boundary



conditions at the free edges has so far been unsuccessful. Furthermore, this
symplectic approach also ensures the satisfaction of twisting moment condition at
the support corners, which is again not satisfactory in other analytical and
computational approaches. This part of the research has been published in the

international journal (Lim ef al., 2007 b).
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Chapter 7 Conclusions and

Recommendations

7.1 Conclusions

This thesis has presented a new breakthrough in applied mechanics in which a
bottleneck previously prohibiting availability of exact solutions for bending of plates
with arbitrary boundary conditions has been trespassed. It is based on a symplectic
elasticity approach which has been used previously in quantum mechanics as well as
relativity and other theoretical physics disciplines. The strain energy function in
accordance with the Pro-Hellinger-Reissner variational principle is derived in a
geometrical symplectic space. Using the essential Hamiltonian principle with
Legendre’s transformation, an eigenvalue is obtained and thus solved. It should be
emphasized here that bending analysis here requires solving of an eigenvalue
equation which is only required in vibration and buckling analyses in classical
mechanics.  The symplectic approach establishes the relationship between
eigenvalue and bending. Unlike the traditional semi-inverse methods, no trial
functions are required in the derivation process. The derivation procedure is
identical to all cases. So it is applicable to plates without opposite sides simply
supported and the analytical solutions for these cases are firstly founded. Analytical

exact solutions for some cases with two opposite sides simply supported have been
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presented and excellent agreement with established solutions has been illustrated in
all cases. For other boundary conditions, variational principle is applied for the x -
direction boundary treatment and the solution is exact in the sense that, although an
infinite set of simultaneous equations must be solved for an exact answer, results can
be obtained to any desired degree of accuracy by successive truncations of the

infinite set.

Although this approach has solved the plate bending problems successfully,
the limitation for application of the method exists. For instance, this approach is
only applicable to the linear problems. Separation of variables in the Hamiltonian
system is required before solve the nonlinear problems. In addition, energy
dissertation is not allowed in the Hamiltonian system. A damping factor should be

added in the Hamiltonian system to simulate this condition.
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7.2 Recommendations

The following are some suggestions for further research of the present method:

» For plates with other types of loading conditions, such as non-uniform load and
point load, the derivation procedure is similar. Only the particular solution is
different to present the corresponding loading cases.

» For plates with other support conditions, only the expressions for the boundary
conditions are different from the cases discussed in the thesis. So the exact
solutions for other types of support conditions can be easily solved.

» The problems of other shapes plate which have not been addressed in this thesis
can also be solved by the present approach by only little modifications of the
current program. The circular sector plate has been derived in the book of Yao,
et.al. (2007) by imposing the polar coordinates. Other shapes of plates can also
be derived in the similar way.

» By introducing the shear deformation factor, it can be used to solve the thick
plate bending problems.

» With a good treatment of the anisotropic property of composite plate, the
bending results of this type of plates can be solved by this symplectic method.

The symplectic method is not limited to bending problems; further exact
solutions for vibration, buckling and wave propagation in plates can also be obtained
based on a similar symplectic approach. The extension will be explored in due

course.
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