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2. Abstract
In this report, a method of multiple scales is presented for the analysis of weakly non-linear
oscillators in the form c:;—;‘+ a)ozu =eF (u,d—uj, where F (u,%) is arbitrary non-linear
function of its arguments and 0< & <« 1. Maple, a computer tool, is used for the analysis.
Then a perturbation-incremental method is presented for the analysis of strongly non-linear
oscillators in the form )'c'+g(x) = ﬂf(x,)'c))'c , Where g(x) and f(x,)'c) are arbitrary
non-linear functions of their arguments and A >0. The perturbation-incremental method
is an extension of the classical perturbation method to the case where A is not necessarily
small. The method incorporates salient features from both the perturbation method and the
incremental method. Matlab is used for the perturbation-incremental method. Limit cycles

of an oscillator can be calculated to any desired degree of accuracy. The stability of a limit

cycle is also considered.



3. Introduction
The study of both weakly and strongly non-linear oscillators has been developed for quite a
long period of time. Various perturbation methods and numerical integration methods such
as the method of multiple scales [1, 2] and Runge-Kutta method have been applied in the
analysis of the classical non-linear oscillators. The classical perturbation methods such as
the method of multiple scales are restricted to solve weakly non-linear oscillators with the
governing equation

ii+a)02u=gF(u,Ll) (3.1)

where 0<e& <1, @, isa given constant and F (u,u) is arbitrary non-linear function of
its arguments. Traditionally, the perturbation methods can obtain approximate analytical
solutions. However, the restriction of these methods is that the parameter ¢ must be very
small (i.e.0<e&<1). That is why the method of multiple scales or the classical
perturbation methods is not useful whenever ¢ >1. Actually, the method of multiple scales
is not suitable to solve the strongly non-linear oscillators of the following form

5é+g(x)=/1f(x,5c) 3.2)
where A >0 is an arbitrary parameter and g (x) , f (x,)'c) are arbitrary non-linear
functions of their arguments. We will apply the method of multiple scales to obtain

analytical solutions and then compare with those obtained by the Runge-Kutta method.



The numerical integration methods such as the Runge-Kutta method are capable of solving

such strongly non-linear oscillators. However, the existence, uniqueness and stability of the

solution should be ensured in order to apply a numerical integration method. Also, the

iterative scheme of a numerical integration requires suitable initial conditions to be given.

More importantly, the numerical integration methods are not suitable for obtaining unstable

solutions. Owing to these kinds of difficulties with both the classical perturbation method

and the numerical integration methods, a new method (Perturbation-Incremental method)

is developed in order to overcome those difficulties occurred in the old methods.

The Perturbation-Incremental method [4], as its name suggests, basically involves the

following two steps: a first perturbation step and a second parameter incremental step.

Here is a brief introduction. Firstly, we introduce a non-linear time transformation and

rewrite the transformed differential equation as an integral equation. Then, a perturbation

method is used to obtain the initial solution for the case A~ 0. Once we obtain the initial

solution, we use an incremental method to obtain an approximate periodic orbit for

arbitrary large value of a parameter A4 and finally determine the stable and/or unstable

periodic solution. Therefore, the Perturbation-Incremental method is a combination of the

perturbation and numerical iterative methods which can obtain the solutions of the strongly

non-linear oscillator. The numerical results from the Perturbation-Incremental method



which are calculated using Matlab [5] will be compared with those obtained from the

Runge-Kutta method. The stability of the limit cycle can be determined by the Floquet

method [6, 7]. We calculate the characteristic (Floquet) exponent directly from the solution

to analyze the stability of a limit cycle.



4. Methods

In this report, we introduce two methods. The first one is the Method of Multiple Scales,
and the other one is the Perturbation-Incremental Method.
4.1. Method of Multiple Scales
In order to illustrate the method of multiple scales, we will consider its application to
weakly nonlinear oscillators with the following differential equation

C:;—Zl+a)02u:gF(u,%j, 4.1.1)
where ¢ <1, @, is a given constant and F can be arbitrary non-linear function of its
arguments. The main idea for this method is to introduce the time scales Ty, T;,..., Ty with

T =¢&"t, (4.1.2)

where m = 0,...,M and M is a positive integer.

Since we have introduced the M+1 time scales, we also assume u(t;¢) =u(T T,,...,T,,;¢) .

Thus we are now looking for a solution of the following form

M
u(t;e) =Y &"u, (T,T, T,,)+0("™"), (4.1.3)
m=0
where O(&""") is the error for the finite series of u(¢;¢) .By using the time scales and the

chain rule, the time derivative is substituted by the following form

i:i+gi+52i+---+gj”i. (4.1.4)
dt o1, oI o, or,,

Then (4.1.1) can be transform into M + I equation according to the orders in¢ . Equations

(4.1.2) through (4.1.4) formulate the whole idea of the method of multiple scales. In



particular, we will only focus on three time scales (M = 2) and we will use the van der
Pol’s equation with F =(1 —uz)(%j and o, =1 as an illustration. Now, consider the van
t

der Pol oscillator

2

du du du
o +u=g(l—u2)(zj, u(0)=a,, E(O)zO. (4.1.5)

With the time scales To=t, Ty =&t and T,=¢&’t, the time derivatives can be written as

4_0 ,,0 29 (4.1.6)
d oT, o = T,
2 2 2 2 2 2 2
d—zz 82+2g 0 +2&° 0 +&? 82+2g3 0 +&t 82.
a’  oT; | oTer | orer, . af oToT, | oT,

4.1.7)
We are now looking for a solution of the following form

u(te) =u(l,, 1, T3 8) = uy(T,, T, T,) + eu (T, T, T,) + ', (1, T, T,) + O(”) . (4.1.8)
Substituting equations (4.1.6) through (4.1.8) into (4.1.5) and equating the coefficients of

like power of ¢ (i.e. &°,¢' and &), we obtain 3 ordinary differential equations which

can be solved one after the other:

2
ZT”g +u, =0, (4.1.9)
0
2 2
0 iy, _(—u )y Tt (4.1.10)
oT, oT, ~ oT,eT,
2 2 2 2
0 2, =) (1—p ) Pl gy P OO o _ Uy 4100
or, oT, or oT, " oT,oT oT®  oTPl,

The solution of equation (4.1.9) can be always written as the following form:
uy = AT, T)e™ + AT, T,)e ™, (4.1.12)
where 4 isa complex conjugate of 4.

Substituting (4.1.12) into (4.1.10), we obtain the following ordinary differential equation:



2 _ , _ 4 - 5 .
0 “opuy = —i(—-A+ 29 D) ik i+ 22 Ay T A e (4.1.13)
o, or or

Thus, to avoid secular terms, we require the vanishing of the coefficients of e™ and e " :

a2 a0, (4.1.14)
oT,

1

Using (4.1.14), the solution of equation (4.1.13) can also be written as the following form:
u, = B(T,T,)e™ +%iA3e3iT(’ +B(T,T,)e"™ —%i?e—”o . (4.1.15)

UACREY]

. 1 .
To determine u,, we can let 4= 50(7;,7;)6 into (4.1.14) and then separate the real

and the imaginary parts, we obtain the following 2 equations:

o¢p oa 1 1,
=0, =—(]—— . 4.1.16
oT (1-—a’)a ( )

or, 2 4
b=4T), a= |— 2 (4.1.17)
ST T s e(m)e o

Similarly, we can get u, by substituting (4.1.15) into the equation (4.1.11) and then

Thus we get

vanish the coefficients of ¢ and e in order to avoid the secular terms. Here, for

simplicity, we will only consider the first approximation to u by letting the B, ¢ and c as

constants. Then, from the initial conditions u(0) =a, and %(0) =0, we get
2
u= cost+0(¢). (4.1.18)

1+( 42 -1e™
aO

Thus, we see from solution (4.1.18) that the expansion tends to the limit cycle
u=2cost+O(¢g) for all initial values as¢t — o . In particular, we also find that the solution

(4.1.18) is periodic if and only if the initial value a, =2 . The second approximation to u

10



for the method of multiple scales is given in section 6 which is done using the software
MAPLE. The Maple program for this method is attached in the CD.
4.2. Perturbation-Incremental Method
For the Perturbation-Incremental Method, we will consider the strongly non-linear
oscillators of the form listed below

X+gx)=Af(x,%)x, 4.2.1)
where A >0 is an arbitrary parameter and g(x), f(x,X) are arbitrary non-linear
functions of their arguments. First, we introduce a time transformation in the following

form

do

— = 0@, Olp+2m)=d(p), (4.2.2)
where ¢ is the new time and @ is a periodic function with 27 period. Here, we assume
that the equation (4.2.1) possesses at least one limit cycle solution. And we also assume the
origin of the x—x phase plane is an interior point of the limit cycle. Then, in the ¢
domain the limit cycle can be written as the following

x=acosp+b, a>0, (4.2.3)

where a is the amplitude, b the bias and ¢ is between 0 to 27 .
Using (4.2.2) and (4.2.3), equation (4.2.1) can be written into the ¢ domain,

@di(GDx') +g(x)=Af(x,dx")Dx’", (4.2.4)
»

where primes denote differentiation with respect to ¢. Multiplying both sides of equation

11



(4.2.4) by x'=-asing and then follow by integration, we obtain the following
1 -
5(@ sin @)’ +17(a,b,¢))—/1j.f(a,b,CD,6’)d6’:O. (4.2.5)
0

For convenience, we have already introduced the following notation

v(acos@+b)—v(a+b)

v(a,b,p) = > , (4.2.6)
a
and
f(a,b,d), 0) = f(acos@+b,—ad(H)sin )D(H)sin* 9, (4.2.7)
where
v(x) = jig(u)du . (4.2.8)

Bytaking ¢ =7 and ¢ =27z in equation (4.2.5), we also obtain the following

#(a,b, ) - zf F(a,b,®,0)d0 =0, (4.2.9)
ff‘(a,b,cb,&)d@ =0. (4.2.10)

First step: perturbation method (A =0)

For A = 0, assume the solution of equations (4.2.5), (4.2.9) and (4.2.10) can be represented

in the form

a=a,+0(), b=b,+0(1), ®=D,+0(1). (4.2.11)

Then we obtain

B, () = Y20 20o0) 4.2.12)

|sin (p|

12



where the constants g, and b, can be found from the following equations

V(—LZO +bo) —V(LZO +bo) =0 5 (4213)
2z B

[ 7(ay.by,®,,0)d0 =0. (4.2.14)
0

To solve equation (4.2.14), we usually use the numerical integration method such as the
Simpson’s Rule. After we obtain the constants g,, b, and the function ® (¢), the
zero-order perturbation solution for the limit cycle of equation (4.2.1) can be determined:

X=a,cos@p+b,, %:—aod)o(go)singo. (4.2.15)
Thus, the first step of the perturbation-incremental method provides an initial solution for
the second step which is an iterative process.
Second step: parameter incremental method—a Newton-Raphson procedure (A = A, +AA)
Small increments are added to the current solutiona,, b, and @ (wherea,, b,, ®, are
the perturbation solution from the first step when 4, =0) of equations (4.2.5), (4.2.9) and
(4.2.10) in order to obtain a neighboring solution corresponding to A = 4, + AA (0 < AA < 1)
and

a=a,+Aa, b=b,+Ab, D=0, +AD. (4.2.16)
Once we solve for Aa, Ab and A® from (4.2.16), we get the neighboring solution
corresponding to A =4, +AA. To do this, we expand (4.2.5), (4.2.9) and (4.2.10) in
Taylor’s series about the initial state. The linearized incremental equations are obtained by

ignoring all the nonlinear terms in the small increments.

13



From (4.2.5)

{(Mj _ﬁ(i} dé’}Aaﬁ{[Mj —ET(iJ d@}Ab
» M), ob o o\0b)

+(D, sin’ @) AD — zf(%} ADAIO
0

0

= —%(cp0 sin )’ —ﬁ(ao,bo,go)+/1]:f(ao,b0,d)o,0)d0. (4.2.17)
From (4.2.9)
[[Mj _ /ﬁ(iJ dH}Aaj{(Mj —ﬁ(ij d@}Ab—ﬁ]’(iJ ADAO
a )y y\da) ob ), “3\ob), A
= —ﬁ(ao,bo,zr)+/1]£ f(ay,b,,®,,0)d0 . (4.2.18)

From (4.2.10)

Aaf[g—i] d9+Abf(%] do+ f(%] A@d@z—ff(ao,bo,d)o,e)dﬁ, (4.2.19)

0

0 0

where

(Gﬁ(a,b, (o)jo B 66 Ha.b.p)

oa __a

of o -
5 - = s ba (Da 0
a=ao b=by ( da l da S )

a=ay b=by, D=0, ’

and the other terms are defined similarly.

Since @ is a periodic function with 27 period, and we know that any 27 periodic
function can be represented by a Fourier expansion. Here, we have a basic assumption that
M harmonics will provide a sufficiently accurate representation for our solution. Thus, we

use the Fourier expansion to represent the periodic function ®,

14



M
D, =) (p,cos jo+q,sin jp), ¢,=0.

Jj=0

The unknown A® can also be expressed in that form

M
AD = Z(Apj cos jp+Ag;sin jp), Ag,=0.

J=0

(4.2.20)

(4.2.21)

We also expand the periodic functions in equations (4.2.17)-(4.2.19) into its Fourier series:

v(a,b,p) = z 7, coske,

k=0

(@j —ZO: cosk
aa . k (0,

k>0

oy
(gjo = Zﬂk coske.

k>0

Here, the sine terms do not have any contribution because of (4.2.13). Also

[ (ag,by, @y, ) 22(71,k cosk@+0,, sinkg), J,,=0,

k=0

g =Z(72k005k(0+52ksmk(p)’ 90 =0,

Oa 0 k=0 , , ,

% - 2(7/3,k coskp+0;,sinkgp), d;,=0,
o k=0

1 =Z(y4kcosk(0+54ksink(ﬂ)a 8,0=0,
8CDO . , ’

®,sin’ ¢ = Z(é’l’k coskp+m,  sinkp), n,=0,

k>0

1 . 2 .
E(CDOSln(ﬂ) +7(dy, by, @) = D (&, cOSK@+1,, sinke), 7,,=0.

k>0

(4.2.22)

(4.2.23)

(4.2.24)

(4.2.25)

(4.2.26)

(4.2.27)

(4.2.28)

(4.2.29)

(4.2.30)

Thus, by substituting the above Fourier series expansions into equations (4.2.17)-(4.2.19)

and applying the harmonic balance method, we obtain a system of 2M + 3 linear equations

with 2M + 3 unknowns (i.e. Aa,Ab, Ap,,Ap,,Aq;, forj = 1

15

..... M) in the following form



M
AAa+BAb+A,00p,+Y (4, Ap,+B, Aq,)=R,, (4.2.31)

j=1

where n = 0, 1, 2,..., 2M + 2, and the coefficients 4,, 5, , 4 and R are given in

n,j> = n,j

the Appendix. We note that 4,,B,, 4

0]

B, and R; come from the coefficients of cosine

terms (cosip) while 4,.,,B,..,4,.,, By, and R, come from the coefficients of

sine terms (sinigp) in the Fourier expansion of (4.2.17) (for i = [,...,M). Further,
4y,B,,4,,;,B,, and R, come from the constant term of Fourier expansion of (4.2.17).

B A B R

M+ oM+, j 0 P2aM 11,0

Finally, A4 are  values from (4.2.18) and

2M+12 2M+1

AyrrirsBorrias Aorgia s Bariia.j» Roren from (4.2.19). Also, it should be noted that R, in

equations (4.2.31) are residue terms to prevent the incremental process drifting away from
the actual solution (or to avoid the error going exponential fast). Here is our iterative
scheme: equations (4.2.31) are to be solved by an equation solver such as the Gaussian
elimination procedure. The valuesa,,b, and ®, are updated by adding together the

original values and the corresponding incremental values. The iteration process continues

R

n

untilR — 0 for all n (in practice,

is less than a desired degree of accuracy). Here, in
our report, the iteration process continues until the norm of R, is less than10™. The entire
incremental process proceeds by adding the increment AA (the control increment) to the
converged value of A, using the previous solution as the initial approximation until a new
converged solution is obtained. Once we obtain a,b and®, we immediately determine

the solution of the limit cycle as follows

16



xX=acosp+b, %z—a@(go)singo, (4.2.32)

where ¢ varies from 0 to2r .

17



5. Stability of Periodic Solution
A limit cycle is unstable, if there is a small derivation from the original path of limit cycle,
and then the solution will leave the path of the limit cycle and never come back. The
stability of a limit cycle can be determined using the Floquet method by calculating the
characteristic exponent p directly from the solutions. We first rewrite equation (4.2.1) in

the following form

X=y,
. (5.1)
y=241(x,y)y—-gx).
Let P be the Jacobain matrix of (5.1) as
0 1
P(t)= (5.2)

e D |
where P is a 2 x 2 matrix with period 7 and x=x(¢).

Let &(f) represent a perturbation or disturbance of the original solution which means that
it will affect the stability of the solution and satisfy the following system

§=P(0)¢, (5.3)

Let © and p be respectively the characteristic number and the characteristic exponent

of system (5.3). Then, the product of the two characteristic numbers is given as
T
M 1, = exp J. tr {P(t)}dt , (5.4)
0

where {P(t)} is the trace of P(¢) (the sum of the elements of its principal diagonal).

Now, the characteristic number x is related to the characteristic exponent o as follow

18



u=e. (5.5)
It can be shown that one of the characteristic numbers in equation (5.4) is equal to one.

Then, using (5.5), (5.4) can be rewritten as follow

T

P :%J.tr{P(t)}dt. (5.6)

0

Then, according to (5.2), #r{P(t)}=A(f(x,y)+ ygl) and thus the characteristic
Y

exponent can be calculated as follows
p =2 [ FOLKO)+ 50, (0.5 (5.7

It follows from the Floquet theory that the limit cycle is stable if the characteristic

exponent p <0 and is unstableif p>0.

19



6. Result
6.1 Results for the method of multiple scale
From the Maple program, we calculated the second approximation of u and hence the

solution of equation (4.1.5) is given as follows

2cos —igztﬂ‘
16
\/1 +(—1 +42j e
a,

u(t) =

7 !

3

In

2

13
64

-—a,’ +%ln(a0)

)

\/1+[—1+42Je(‘5’) P

1 a,

+_ p—
4

( 1, j
siIn| ——¢&t+t | &
16

\/1+[—1+42]e(”) \/l+[—1+42]e(”)
aO aO

sin| == 5%+ 31
1 e

PN
£1+(—1+%2]e( ’ J

By comparing the results obtained from the method of multiple scales (using Maple) and

8 R
[1+[—1+%2je< ”>]

e+0(s%). (6.1.1)

numerical integration (using Matlab), we see that those using the method of multiple scales
(Fig. 1(a-d)) are nearly the same as those using numerical integration (Fig. 1(e-h)) when
the parameter ¢ 1is sufficiently small (0 < & <« 1). However, when ¢ >1, the former method

(Fig. 1(i-j)) gives results that are quite different from those of the latter method (Fig. 1(k-1)).

20



1(a) (¢ =0.01,a,=1)

1(b) (¢ =0.1,a,=1)

/

1(c) (¢ =0.01,q,=2)

A
%

1(d) (6 =0.1,a, =2)

(Fig. 1(a)-Fig. 1(d)) Limit cycle of (4.1.5): the method of multiple scales

21



1(e) (6=0.01,a,=1) 1(f) (¢=0.1,a,=1)

1(g) (¢ =0.01,a, =2) 1(h) (¢ =0.1,a,=2)

(Fig. 1(e)-Fig. 1(h)) Limit cycle of (4.1.5): Runge-Kutta method

22



1G) (e=1,a,=1) 1G) (e=1,a,=2)

3 3
IIIP__,,.—F —_ =.
ll..l'lrl\l:l - ..._.'
v""lli ._.-"-'
1 a 1 g
,"I}:” o '|
i I |
I ' i
! P
1 1 I"'._ #;_ -
S \ ]
., (R
? 1 1 1 1 _1 1 |-‘_- 1 1
oL L : L B R .
1k)(e=1,a,=1) 1) (e=1,a,=2)

(Fig. 1(1)-Fig. 1(j)) Limit cycle of (4.1.5): the method of multiple scales

(Fig. 1(k)-Fig. 1(1)) Limit cycle of (4.1.5): Runge-Kutta method
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Thus, we find that the method of multiple scales (or the classical perturbation method) is

not suitable for solving limit cycle problems when the parametere& is not small (or

wheneg >1).

6.2 Results for the perturbation-incremental method
6.2.a. The generalized Van der Pol oscillator
We first consider the generalized van der Pol oscillator of the form
¥+x+x>=A(u+x—x")x, u isany arbitrary constant. (6.2.a.1)
In particular, we substitute f(x,%)=u+x—x> and g(x)=x+x" into (4.2.1). Hence,
from (4.2.8), we obtain v(x) = %xz +éx3 . Also, from equations (4.2.6), (4.2.7), (4.2.12)
and (4.2.13), we obtain
v(a,b,p) =—(b +%) sin’ @ +§(b +1)(cosp—1) +%a(cos3 p-1), (62a2)
f(a,b,CD,(/)) = [,u+acosg0+b—(acos¢)+b)2}d)sin2 o, (6.2.2.3)

1
2

D, (@)= {1 +§a0 cos @+ 2b0} , (6.2.a.4)

1 [ 4
boza{ 1—§a02—1}. (6.2.2.5)

For the first step (the perturbation method), we use (4.2.14) together with (6.2.a.4) and

(6.2.a.5) to obtain the initial solution. In, particular, we choose 1 =0.15. By substituting

(6.2.a.4) and (6.2.a.5) into (4.2.14) and applying the Simpson’s Rule, we get

24



a,=0.532, b, =-0.1055. (6.2.2.6)
Thus,

1
®, =[0.789+0.3547 cos ] . (6.2.2.7)

Once we get the initial solution, we can apply it to the parameter incremental method. Here,
we choose M = 10, A4,=0 and AA=0.5. After 20 successive increments of AA=0.5

starting from A4, =0, the results for 4=0.5, 10 are given, respectively, in Tables 1 and 2.
Also, a comparison of the results obtained by the perturbation-incremental method and the
numerical integration using the Runge-Kutta method is shown in Fig.2 and 3. We see that

the results are identical when A =10.

Tablel. Amplitude and bias of the limit cyele and
Fourier coefficientzof B@): A=03, a=03332, &#=010514

] D qj

0 3. 78362-001 0.0000e+000
1 2.05832-001 1.04512-001
2 1.4272e-002 2.04982-002
3 2.1238-003 1.03632-003
4 3.0790e-004 2.54172-004
5 4.0804e-005 6.10182-005
6 4 6573e-006 1.44342.005
7 1.028%=-007 3.2502e-006
8 1.77682-007 7.05942-007
0 076442008 1 41062-007
10 321822008 2.51372-008
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Table2. Amplitude and bias of the limit cyele and
Fourier coefficientsof S@): Ai=10, a=12312, #=036861

i Pi qi
1] 1.9188=+000 0.0000e-+000
1 2.4668=-001 8.7727e-001
2 -3.80735e-001 -1.7007e-+000
3 2.8613e-001 -1.28232-001
4 -2.7121e-001 3.0623e-002
3 821382002 2.1290e-002
] 4 G0 Te-002 -2.6730e-002
7 2.3713e-002 -7.21072-004
] -1.8623=2-002 -4 34352003
o 1.2251e-002 320062003
10 -3.1821e-003 -6.04382-003
Fig. 2. Limit cyxle of equation (6.2.a 1) with w=013 fori=03.
—, Runge-Kutta method; =, Periurbation-Incremental method.
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Fig. 3. Limit cycle of equation (6.2.a. 1) with u=10.13, fori=10.
—, Runge-Kutta method; =, Periurbation-Incremental method.
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Next, we consider the case when u =0.2. We cannot find any limit cycle when A4 >4.1In

particular, when #>0.3, we cannot find any limit cycle for any value of 4. When the

parameter ¢ gets larger, the limit cycle will also get larger and finally it will be large

enough tough a fixed point and become a homoclinic orbit (homoclinic orbit will not be

discussed in this report) (see Fig.4 in which (0,-1) is a fixed point). After this, the limit

cycle will disappear for any value of ¢ (u>0.3).

Table3. Amplitude and bias of the limit cyele and
Fourier coefficients of &(@): Ai=3. a=091T712, ;=-0053833

] D qj

0 1.0713e+000 0.0000e+000
1 374212001 264422001
2 2.0069e-001 2.5330e-001
3 1.2041e-001 -8.8506=-003
4 -5.02286-002 -8.2177e-003
5 232442002 6.86762-003
6 11.3033e-002 _4.7860e-003
7 7.5573:-003 3.7200e-003
8 402652003 3.51132-003
0 1.67312-003 2.34336-003
10 5 4350e-005 1.52742-003
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Fig 4. Limitcycle of equation (6.2.a 1) with w=02_ fori=3.
—, Runge-Kutta method; =, Periurbation-Incremental method.
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6.2.b. The generalized Rayleigh oscillator
We next consider the generalized Rayleigh oscillator of the form
¥+x’ =A(u—x*)x, u isany arbitrary constant. (6.2.b.1)
For this example, we let f(x,%)=u—%>, g(x)=x" and hence v(x) :%x“. The limit
cycle is symmetric about the origin. Thus, »=0 and we rewrite (4.2.20) as follows

M
D(p) =Y (p,,; 082 jp+q,,sin2jp). (6.2.b.2)
=0

First, we seek the condition for (6.2.b.1) to have positive amplitude q,. By using (4.2.14),

u can be related to amplitude a, as
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2z
a,’ j D, (p)sin’ pdg
p=—l . (6.2.b.3)
J D, (¢)sin® pdg

0

Fig. 5 shows the relationship between parameter 4 and amplitude g, .

0 07 @4 BE a8 1 12 14 15 1B 2
=]

Fig. 5. The parameter g vsamplitude @, of the limiteywele of equation (6.2.6.1)

In particular, we choose £ =2.5.By using (6.2.b.3) and (4.2.12) , we obtain the amplitude

and the solution, respectively, as

a, =1.5541, (6.2.b.4)

N | =

D, (p)=2, B(Hcos2 3)} : (6.2.b.5)

Then, the procedures are actually very similar to the pervious example. Therefore, we give

the result directly as in Fig. 6 and Table 4.
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Tabled. Amplitude and bias of the limit cyele and
Founer coefficients of Ep): Ai=10, a=26844_ &=0

] P Q3
1] 1.1765e+000 0.0000e-+000
1 3.8384=-001 2.0266=-001
2 4.6272e-001 251682001
3 2.6067e-001 2.1670e-001
4 1.4567e-001 1.7481e-001
3 1.7775e-002 1.3312=-001
] 3.8838=-002 930452002
7 1.8240e-002 6.4921e-002
] 8.3542e-003 4.0256e-002
o 418882003 215082002
10 2.0760e-003 8.2137e-003
Fig. 6. Limit cycle of equation (6.2.b.1) with u=235 fori=10.
—, Runge-Kutta method; =, Periurbation-Incremental method.
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An interesting analysis for the generalized Rayleigh oscillator is that the limit cycle is

always stable for any arbitrary value of parameter 1 > 0. To explain this, we analyze the

stability of the limit cycle. Recall from section 5 that we can calculate the characteristic
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exponent of the limit cycle by equation (5.7). Thus, we obtain

p=2[(n= ()22 (e

0

By using x =acos@+b, we can rewrite (6.2.b.6) as

_ f 1 3a02(1) ¢)sin’ (pd¢:2l

(¢) T

with

T u—3a,®,’ (p)sin’ ¢
Pola) =
=)

dop.

(6.2.b.6)

2,(ay), (6.2.b.7)

(6.2.b.8)

From Fig. 7, we find that the parameter p, is always less than zero and so is the

characteristic exponent o . Thus, the limit cycle of (6.2.b.1) is always stable for > 0.

18

02 04 06 08 1 12 14 156

-1l
124
14

16

Fig. 7. The parameter g, vsamplitude g, ofthe limit cyele of equation (6.2.0.1)
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6.2.c. The generalized Liénard oscillator

Finally, we consider the generalized Liénard oscillator of the form
¥+x° =A(u+x" —x")X, u isany arbitrary constant. (6.2.c.1)
. . 1 .
For this example, we let f(x,x)=u+x"—x*, g(x)=x" and hencev(x)= Zx4. The limit
cycle is symmetric about the origin. Thus, b =0 and we rewrite (4.2.20) as
M
D(p) =D (p,; €082 jp+q,, sin2 jp) . (6.2.c.2)

=0

First, we seek the condition for (6.2.b.1) to have a positive amplitude a,. By using

(4.2.14), p can be related to amplitude a, as

27

2
a,’ J. D, (¢)cos* psin® pdp —a,’ j @, (p)cos® psin® pd o
0 0

e _ L (62.¢3)
j @, (¢)sin® pdg

0

Fig. 8 shows the relationship between x and gq,.

0.2+

0.1

005 !

s

4.1

Fig. 8. The parameter x4 vsamplimde a, of the limit eyele of equation (6.2.c.1)
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M

For the case x=-0.13, we obtain from Fig. 8 two different positive amplitudes «a,’ and

a,””) which correspond to two solutions ®,"(p) and @, (¢):

0| =

a,” =0.9249986552, ®,(¢p)=a," B(Hcos2 9)} , (6.2.c4)

o=

a,” =1.031287122, @, (p)=a,” B(Hcos2 6’)} : (6.2.c.5)

In particular, (6.2.c.4) is an unstable limit cycle while (6.2.c.5) is a stable limit cycle. Fig. 9

shows the relationship between the characteristic exponent p and amplitude a,.

~ 82 B4 06 0 -1 12 14 16

4.5

1.5

Fig. 9 The parameter g, vsamgplitude g of the limit cyele of equation (6.2.¢.1)

From Fig. 9, we find that p >0 (the limit cycle is unstable) when a, <a, while p<0
(the limit cycle is stable) when a,>a,” where a, =0.9796. That is the reason why

(6.2.c.4) is an unstable limit cycle while (6.2.c.4) is stable.
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Fig. 10 and Table 5 show the result for the case of unstable limit cycle of (6.2.c.1)

with 4 =-0.13.
Table3. Amplitude and bias of the limit cyele and
Fourier coefficients of E(@): A =10, a=084720_ £=0

] P Q3

1] 8.2661e-001 0.0000e+000
1 1.2247e-001 2.7884=-001
2 407952003 -1.75%6e-001
3 3.6070:-003 4.1418=-003
4 -1.1952e-003 -1.0779e-003
3 -2.0265e-004 401482004
] 1.6358e-004 -0 24802003
7 -7.158662-003 -3.2700=-003
8 6.2148e-006 249082003
@ 1.2183e-006 -1.00342-003
10 -3.7790e-006 1.0721e-007

Fig. 10. Unstable limit cycle of equation (6.2.c.1) with p=-0.13, fori=10.
—, Runge-Kutta method; =, Periurbation-Incremental method.

1.5 T T T T T

wrot
=

0.5

At

34



Fig. 11 and Table 6 show the result for the case of stable limit cycle of (6.2.c.l)

with 4 =-0.13.
Table6. Amplitude and bias of the limit cyele and
Fourier coefficients of (@) : 1 =10, a=1.024, =0

] P1i Q2

0 §.8821e-001 0.0000e-+000)
1 1.4325e-001 1.5663e-001
2 -3.0542e-003 -2.3585e-001
3 -32236=-003 5.4146=-003
4 -22315e-003 -7.8375e-004
5 -2.5410e-004 2.9648:-004
& 1.1062e-004 -1.8604e-004
1 -6.2958=-003 -1.0164e-006
8 1.8705e-0035 1.6676e-003
9 -3.8733e-006 -0.2041e-006
10 -4.2953e-006 3.4392e-006

Fig. 11. Stable limit cyele of equation (6.2.c.1) with w=-013 fori=10.

—, Runge-Kutta method; =, Periurbation-Incremental method.

1.5 T

05r "/f’
Iy
£

;‘.
¥
05} i\wx.m*““ - /f
At et ’/‘
i a T 0 05 i 15

An interesting result is that when the parameter x gets larger, the separation between the

unstable limit cycle and the stable one increases or equivalently the unstable limit cycle

approach as the origin while the stable one moves far away from the origin. In particular,
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when x>0, the unstable limit cycle disappears leaving one and only one limit cycle

which is stable. Fig. 12-16 show the limit cycles for different values of 4 to illustrate the

situation.

Fig. 12, p=-0.1,fori=10.

Fig. 13. u=-003,fori=10.
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Fig. 14. p=-001,fori=10.

Fig. 153, w=0,fori=10.
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Fig. 16. p=1, fori=10.
(Fig. 12-Fig. 16) Limit cycle of (6.2.c.1): —, stable limit cycle, Runge-Kutta method;
x, stable limit cycle, Perturbation-Incremental (PI) method;

--- unstable limit cycle, PI method.

We can explain the previous results (Fig. 12 — Fig. 16) using Fig. 8. When the parameter
1 is below the minimum of the curve (here, we denote the minimum of the curve by u°
where 1 =-0.1315), we find that there is no real root and, consequently, (6.2.c.1) does
not have any limit cycle. However, for ,u* <u<0, we see that there are two roots and,
consequently, (6.2.c.1) has exactly two limit cycles. We then use Fig. 9 to determine their
stabilities. Finally, when x>0, we find that there is exactly one root and hence (6.2.c.1)

has one and only one limit cycle which is stable from Fig. 9.
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7. Discussion

In section 6, we find that the method of multiple scales (or the classical perturbation
method) is not suitable for solving the limit cycle problems when the parameter & is not
small. Recall in section 4, the solution is assumed to be of the form (4.1.8), which is a
power series of the parameter ¢ . In particular, it has the following form

u(t:e) =u(ly 1. Tys6) =uy(T,.T,. 1) + e (1, 1. T) + £°u,(T,, T, ) + O(s7) . (1.1)
Thus, we see from (7.1) that the solution is only approximated by a finite number of terms
which is in the power of ¢ with some error terms inO(¢”) . Hence, when ¢ >1, the error
terms in (7.1) will grow exponentially fast. This explains why the method of multiple

scales is only useful when parameter ¢ is sufficiently small (0 <& <«1).

Another disadvantage of this method is that it cannot solve strongly non-linear oscillators
for a limit cycle. Even though we apply the method of multiple scales to (6.2.1), the
purpose of multiple scales still cannot be achieved. For example, we consider the
collection of O(&”) on the both sides of (6.2.1) which have already applied the multiple

scales 1.e.

2

aTxg+x0+x02=0 with x, =x,(T,,T.T}) . (7.2)
0

Equation (7.2) is still a non-linear ordinary differential equation which we cannot solve

analytically. In general, the non-linear function g(x) in (4.2.1) prevents us from using the

39



method of multiple scales since this non-linear function generates non-linear terms in the
ordinary differential equation such as (7.2) after the method is applied. This explains why
the method of multiple scales is not useful in solving the strongly non-linear oscillators of

the form (4.2.1).

From section 6, for the particular problem of the generalized Liénard oscillator, we find
that the numerical methods such as the Runge-Kutta method (the one we are using in this

report) are unable to obtain unstable limit cycle. Since the Runge-Kutta (RK) method is a

one-step explicit method which means the new solution at the time ¢, depends only on
the pervious solution at time ¢;. Thus, if the limit cycle is unstable, every solution
obtained by the RK method will leave the path of the limit cycle and consequently we

cannot obtain the unstable limit cycle.

Finally, we find that the Perturbation-Incremental method can overcome the difficulties of

the method of multiple scales and the numerical method (those we have already discussed

in this section).
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8. Conclusion

The method of multiple scales is applied to solve the weakly non-linear oscillators for the

limit cycle problem. However, the classical perturbation method such as the one we have

presented in this report (the method of multiple scales) is not accurate when the parameter

¢ 1s not sufficiently small (usually we require 0 < & < 1). We also indicate that the method

of multiple scales is not suitable to solve the strongly non-linear oscillators even though we

apply the method to such problems. Thus, we introduce the perturbation-incremental

method to the study of strongly non-linear oscillators for the limit cycle problem. The

perturbation-incremental is a combination of the analytical and the numerical methods. For

the analytical aspect, we use the perturbation step to obtain the initial solution of a limit

cycle. This overcomes the difficulty in the numerical integration method that it usually

requires a guess of initial condition. For the numerical aspect, we use the incremental step

to obtain the solution of a limit cycle for arbitrary parameter A > 0. This also overcomes

the difficulty in the classical perturbation method that it requires the parameter to be

sufficiently small. The stability of a limit cycle can be determined using the Floquet theory

by calculating the characteristic exponent directly from the solution.
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Matlab Program for the generalized Liénard oscillator

format long
mu=-0.1;a=1.195613137;M=20;P(3*M+6)=0;Q(3*M+3)=0;
P(1)=a;P(2)=0;P(3)=a*0.8598244315;P(4)=0;P(5)=a*.1458622585;
P(6)=0;P(7)=a*-.6276116194e-2;P(8)=0;P(9)=a*.4967276956¢-3;
P(10)=0;P(11)=a*-.8957687693e-4;P(12)=0;P(13)=a*-.2027626537¢-4;
P(14)=0;P(15)=a*-.2273926530e-4;P(16)=0;P(17)=a*-.1679710530e-4;
P(18)=0;P(19)=a*-.1259587300e-4;P(20)=0;P(21)=a*-.8983320421e-5;
P(22)=0;P(23)=a*-.616436998e-5;
for lambda=0.5:0.5:10
while (1)
for k=1:(M+1)
if k==1
GR(k)=-(10/32)*P(1)-P2)+(P(2)"3)/(P(1)"2);
BR(k)=-P(1)-(3*(P(2)"2))/P(1)-(3/2)*P(2);
elseif k==2
GR(K=(3/4)*P(2)-(P(2)"3)/(P(1"2);
BR(kK)=(3/4)*P(1)+(3*(P(2)"2))/P(1);
elseif k==3
GR(k)=(2/8)*P(1);BR(k)=(3/2)*P(2);
elseif k==
GR(k)=(1/4)*P(2);BR(k)=(1/4)*P(1);
elseif k==>5
GR(k)=(2/32)*P(1);BR(k)=0;
else
GR(k)=0;BR(k)=0;
end
end
for k=1:(3*M+1)
if k==
GA(K)=(1/2)*mu+(1/2)*((P(2))"2)-(1/2)*((P(2))"4)...
+(1/8)*((P(1))*2)-(3/4)*((P(1))"2)*((P(2))"2)-(1/16)*((P(1))"4);
BM(k)=(1/4)*P(1)-(3/2)*P(1)*((P(2))*2)-(1/4)*((P(1))"3);
BE(K)=P(2)-(3/2)*((P(1))"2)*P(2)-2*((P(2))*3);
elseif k==2
GA(k)=-(1/2)*((P(1))"3)*P(2)-P(1)*((P(2))*3)+(1/2)*P(1)*P(2);
BM(k)=(1/2)*P(2)-((P(2))*3)-(3/2)*((P(1))"2)*P(2);
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BE(K)=(1/2)*P(1)-(1/2)*((P(1))"3)-3*P(1)*((P(2)/"2);
elseif k==3
GA(k)=-(1/32)*((P(1))"4)...
-(172)*mu-(1/2)*((P(2))"2)+(1/2)*((P(2))"4);
BM(k)=-(1/8)*((P(1))"3); BE(k)=-P(2)+2*((P(2))"3);
elseif k==4
GAK)=(1/4)*((P(1))"3)*P(2)...
-(1/2)*P(1)*P)+P(1)*((P(2))3);
BM(K)=(3/4)*((P(1))"2)*P(2)-(112)*P2)+(P(2))"3);
BE(K)=(1/2)*P(1)+(1/4)*((P(1))"3)+3*P(1)*((P(2))"2);
elseif k==>5
GAK)=(1/16)*((P(1))"4)...
(L/8)*((P(1))"2)+(3/4)*((P(1))"2)*((P(2))"2);
BM(k)=(1/4)*((P(1))"3)-(1/4)*P(1)+(3/2)*P(1)*((P(2))*2);
BE(K)=(3/2)*((P(1))"2)*P(2);
elseif k==6
GAK)=(1/4)*((P(1))"3)*P(2);
BM(K)=(3/4)*((P(1))"2)*P(2); BE(K)=(1/4*((P(1))"3);
elseif k==7
GA(K)=(1/32)*((P(1))"4);
BM(k)=(1/8)*((P(1))"3); BE(k)=0;
else
GA(k)=0;BM(k)=0;BE(k)=0;
end
end
for k=1:(3*M+1)
if k==1
u(k)=(0.5)*P(3)-0.25*P(5);v(k)=0;
else
if (k-1)-2>0
u(k)=0.5*P(k-1+3)-0.25*P((k-1)-2+3)-0.25*P((k-1)+2+3);
v(k)=0.5*Q(k-1)-0.25*Q((k-1)-2)-0.25*Q((k-1)+2);
elseif (k-1)-2<0
u(k)=0.5*P(k-1+3)-0.25*P((k-1)+2+3)-0.25*P(2-(k-1)+3);
v(k)=0.5*Q(k-1)-0.25*Q((k-1)+2)+0.25*Q(2-(k-1));
else
u(k)=0.5*P(k-1+3)-0.25*P((k-1)+2+3)-0.5*P(2-(k-1)+3);
v(k)=0.5*Q(k-1)-0.25*Q((k-1)+2);
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end
end
end
for k=1:(2*M+1)
if k==1
sum1=0;sum2=0;
for j=0:M
if j==0
suml=suml-+(P(G+3)*(2*u(j+1)));
else
sum2=sum2-+(P(j+3)*(u(+1))+QQ()*(v(j+1)));
end
end
KD(k)=0.25*(sum1+sum?2);KE(k)=0;
else
sum1=0;sum2=0;sum3=0;sum4=0;sum5=0;sum6=0;
for j=0:M
if j==0
if (k-1)->0
suml=suml-+(P(+3)*(u((k-1)-j+1)+u((k-1)+j+1)));
sum4=sum4+(P(G+3)*(v((k-1)-j+1)+v((k-1)++1)));
elseif (k-1)-j<0
sum2=sum2-+(P(j+3)*(u(j-(k-1)+1)+u((k-1)+j+1)));
sumS=sum5-+(P(j+3)*(-v(j-(k-1)+1)+v((k-1)+j+1)));
else
sum3=sum3-+(P(j+3)*(2*u(G-(k-1)+1)+u((k-1)+j+1)));
sum6=sum6+(P(+3)*(v((k-1)+j+1)));
end
else
if (k-1)->0
suml=suml-+(P(+3)*(u((k-1)-j+1)+u((k-1)+j+1))...
+QO)*(v((k-DHj+1)-v((k-1)-j+1)));
sumd4=sum4-+(P(j+3)*(v((k-1)-j+1)+v((k-1)+j+1))...
+QO)*(-u((k-DHj+D+u((k-1)-j+1)));
elseif (k-1)-j<0
sum2=sum2-+(P(j+3)*(u(j-(k-1)+1)+u((k-1)+j+1))...
+QO)*(v((k-DHj+ D +v(j-(k-1)+1)));
sumS5=sum5+(P(j+3)*(-v(j-(k-1)+1)+v((k-1)+j+1))...
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+QO)*(-u((k-DHj+1)+u(-(k-1)+1)));
else
sum3=sum3-+(P(j+3)*(2*u(-(k-1)+1)+u((k-1)+j+1))...
+QO)*(v((k-D)+j+1)));
sum6=sum6-+(P(j+3)*(v((k-1)+j+1))...
+QO)*(-u((k-DHj+1)+2*u(-(k-1)+1)));
end
end
end
KD(k)=0.25*(sum1+sum2+sum3);KE(k)=0.25*(sum4+sum5+sum6);
end
end
for k=1:(2*M+1)
if k==1
BG(k)=-(5/32)*((P(1))"2)-P(1)*P(2)-((P(2))"3)/P(1)-(3/4)*((P(2))"2);
elseif k==2
BG(k)=(3/4)*P(1)*P(2)+((P(2))*3)/P(1);
elseif k==3
BG(K)=(1/8)*((P(1))*2)+(3/H)*((P(2))"2);
elseif k==4
BG(k)=(1/4)*P(1)*P(2);
elseif k==>5
BG(k)=(1/32)*((P(1))"2);
else
BG(k)=0;
end
end
for k=1:(M+1)
alpha(k,1)=GR(k);
end
for k=1:(M+1)
beta(k,1)=BR(k);

end
for k=1:(2*M+1)
if k==
suml_1=0;suml_2=0;sum2_1=0;sum2_2=0;sum3_1=0;sum3_2=0;
for j=0:M
if j==
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suml I=suml 1+0.5*P(j+3)*(2*GA(G+1));
sum2_ 1=sum2 1+0.5*P(j+3)*(2*BM(+1));
sum3 1=sum3_1+0.5*P(j+3)*(2*BE(+1));
else
suml 2=suml_ 2+0.5*P(j+3)*(GA(+1));
sum2 2=sum2_ 2+0.5*P(j+3)*(BM(j+1));
sum3 2=sum3_ 2+0.5*P(j+3)*(BE(j+1));
end
end
gamma(l,k)=suml l+suml 2;gamma(2,k)=sum2 I+sum2 2;
gamma(3,k)=sum3_1+sum3 2;
delta(1,k)=0;delta(2,k)=0;delta(3,k)=0;
else
suml 1=0;suml 2=0;suml 3=0;suml 4=0;suml 5=0;suml 6=0;
sum2 1=0;sum2 2=0;sum2 3=0;sum2 4=0;sum2_ 5=0;sum2_ 6=0;
sum3_1=0;sum3 2=0;sum3 3=0;sum3 4=0;sum3_5=0;sum3 6=0;
for j=0:M
if (k-1)->0
suml I=suml_1+(0.5)*P(+3)*(GA((k-1)-j+1)+GA((k-1)+j+1));
sum2_1=sum2 1+(0.5)*P(j+3)*(BM((k-1)-j+1)+BM((k-1)+j+1));
sum3_1=sum3_1+(0.5)*P(j+3)*(BE((k-1)-j+1)+BE((k-1)+j+1));
elseif (k-1)-j<0
suml 2=suml 2+(0.5)*P(j+3)*(GA(j-(k-1)+1)+GA((k-1)+j+1));
sum2 2=sum2_2-+(0.5)*P(j+3)*(BM(j-(k-1)+1)+BM((k-1)+j+1));
sum3 2=sum3_2-+(0.5)*P(j+3)*(BE(j-(k-1)+1)+BE((k-1)+j+1));
else
suml 3=suml_3-+(0.5)*P(G+3)*(2*GA(j-(k-1)+1)+GA((k-1)+j+1));
sum2_3=sum2_3-+(0.5)*P(j+3)*(2*BM(j-(k-1)+1)+BM((k-1)+j+1));
sum3 3=sum3_3-+(0.5)*P(j+3)*(2*BE(j-(k-1)+1)+BE((k-1)+j+1));
end
end
gamma(l,k)=suml l+suml 2+suml 3;gamma(2,k)=sum2 1+sum2 2+sum2 3;
gamma(3,k)=sum3 1+sum3 2+sum3 3;
for j=1:M
if (k-1)-j>0
suml_4=suml_4+(0.5)*Q()*(GA((k-1)-j+1)-GA((k-1)+j+1));
sum2_4=sum2_4+(0.5)*Q@)*(BM((k-1)-j+1)-BM((k-1)+j+1));
sum3_4=sum3_4+(0.5)*Q()*(BE((k-1)-j+1)-BE((k-1)+j+1));
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elseif (k-1)-j<0
suml S5=suml_5+(0.5)*Q()*(GA(-(k-1)+1)-GA((k-1)+j+1));
sum2_ S5=sum2_5+(0.5)*Q()*(BM(-(k-1)+1)-BM((k-1)+j+1));
sum3 S5=sum3_5+(0.5)*Q()*(BE(-(k-1)+1)-BE((k-1)+j+1));
else
suml_6=suml_6+(0.5)*Q(j)*(2*GA(-(k-1)+1)-GA((k-1)+j+1));
sum2_6=sum2_6+(0.5)*Q()*(2*BM(j-(k-1)+1)-BM((k-1)+j+1));
sum3_6=sum3_6+(0.5)*Q()*(2*BE(j-(k-1)+1)-BE((k-1)+j+1));
end
end
delta(1,k)=sum1 4+suml 5+suml_6;delta(2,k)=sum2 4+sum2 S5+sum2 6;
delta(3,k)=sum3_4+sum3 S5+sum3 6;
end
end
for k=1:(2*M+1)
gamma(4,k)=GA(k);delta(4,k)=0;
end
for k=1:(2*M+1)
zeta(1,k)=u(k);eta(1,k)=v(k);
end
for k=1:(2*M+1)
zeta(2,k)=KD(k)+BG(k);eta(2,k)=KE(k);
end
for i=1:(2*M+3)
if i==
sum=0;
for k=1:M
sum=sum+(1/k)*delta(1,k+1);
end
R(1,1)=-zeta(2,1)+lambda*sum,;
elseif i==(2*M+2)
sum1=0;sum2=0;
for k=0:M
suml=suml1+((-1)"k)*BG(k+1);
end
for k=1:M
sum2=sum2+((1-((-1)"k))/k)*delta(1,k+1);

end
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R(i,1)=suml-lambda*sum?2;

elseif i==(2*M+3)
R(i,1)=-gamma(1,1);

elseif i>=2 & i<=M+1
R(i,1)=-zeta(2,1)-(lambda/(i-1))*delta(1,1);

else
R(i,1)=-eta(2,i-M)+(lambda/(i-M-1))*gamma(1,i-M);
end
end
if norm(R,inf)<le-8
break
end

for j=1:(2*M+3)
for i=1:(2*M+3)
if j==
if i==
sum=0;
for k=1:M
sum=sum+(1/k)*delta(2,k+1);
end
A(i,j)=alpha(1,1)-lambda*sum;
elseif i==(2*M+2)
sum1=0;sum2=0;
for k=0:M
suml=suml+((-1)"(k+1))*alpha(k+1,1);
end
for k=1:M
sum2=sum2+(1/k)*(1-(-1)"(k))*delta(2,k+1);
end
A(i,j)=suml-+lambda*sum?2;
elseif i==(2*M+3)
A(i,j)=gamma(2,1);
elseif >=2 & i<=M+1
A(i,j)=alpha(i,1)+(lambda/(i-1))*delta(2,i);
else
A(i,j)=-(lambda/(i-M-1))*gamma(2,i-M);
end

elseif j==

51



if i==
sum=0;
for k=1:M
sum=sum+(1/k)*delta(3,k+1);
end
A(i,j)=beta(1,1)-lambda*sum;
elseif i==(2*M+2)
sum1=0;sum2=0;
for k=0:M
suml=suml+((-1)"(k+1))*beta(k+1,1);
end
for k=1:M
sum2=sum?2-+(1/k)*(1-(-1)"(k))*delta(3,k+1);
end
A(i,j)=suml+lambda*sum?2;
elseif i==(2*M+3)
A(i,j)=gamma(3,1);
elseif >=2 & i<=M+1
A(i,j)=beta(i,1)+(lambda/(i- 1)) *delta(3,i);
else
A(i,j)=-(lambda/(i-M-1))*gamma(3,i-M);
end
elseif >=3 & j<=M+3
if i==
sum1=0; sum2=0; sum3=0;
for k=1:M
if k-(j-3)>0
suml=suml+(1/k)*(delta(4,k-(j-3)+1)+delta(4,(j-3)+k+1));
elseif k-(j-3)<0
sum2=sum2+(1/k)*(-delta(4,(j-3)-k+1)+delta(4,(j-3)+k+1));
else
sum3=sum3-+(1/k)*(delta(4,(j-3)+k+1));
end
end
if j==
A(1,))=(1/2)*(2*zeta(1,(j-3)+1))-(lambda/2)*(sum1+sum2+sum3);
else

A(1,))=(1/2)*(zeta(1,(j-3)+1))-(lambda/2)*(sum1+sum2+sum3);
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end
elseif i==(2*M+2)
sum1=0; sum2=0; sum3=0;
for k=1:M
if k-(j-3)>0
suml=suml1+((1-((-1)"k))/k)*(delta(4,k-(j-3)+1)...
+delta(4,(j-3)+k+1));
elseif k-(j-3)<0
sum2=sum2+((1-((-1)"k))/k)*(-delta(4,(j-3)-k+1)...
+delta(4,(j-3)+k+1));
else
sum3=sum3+((1-((-1)"k))/k)*(delta(4,(j-3)+k+1));
end
end
A(i,j)=(lambda/2)*(sum1+sum2+sum3);
elseif i==(2*M+3)
if j==3
A(1,))=(1/2)*(2*gamma(4,(G-3)+1));
else
A(i,))=(1/2)*(gamma(4,(j-3)+1));
end
elseif >=2 & i<=M+1
if (i-1)-(j-3)>0
A(i1,))=(1/2)*(zeta(1,(i-1)-(-3)+1)+zeta(1,(i-1)+(-3)+1))...
+(lambda/(2*(i-1)))*(delta(4,(i-1)-(j-3)+1)...
+delta(4,(i-1)+(G-3)+1));
elseif (i-1)-(j-3)<0
A(i,))=(1/2)*(zeta(1,(j-3)-(i-1)+1)+zeta(1,(i-1)+(-3)+1))...
+(lambda/(2*(i-1)))*(-delta(4,(-3)-(i-1)+1)...
+delta(4,(i-1)+(G-3)+1));
else
A(i,))=(1/2)*(2*zeta(1,(j-3)-(1-1)+1)+zeta(1,(i-1)+(-3)+1))...
+(lambda/(2*(i-1)))*(delta(4,(i-1)+(-3)+1));
end
else
if (i-M-1)-(j-3)>0
A(i,))=(1/2)*(eta(1,(i-M-1)-(j-3)+1)+eta(1,(i-M-1)+(j-3)+1))...
-(lambda/(2*(i-M-1)))*(gamma(4,(i-M-1)-(j-3)+1)...
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+gamma(4,(i-M-1)+(-3)+1));
elseif (i-M-1)-(j-3)<0
A(1,))=(1/2)*(-eta(1,(j-3)-(i-M-1)+1)+eta(1,(i-M-1)+(-3)+1))...
-(lambda/(2*(i-M-1)))*(gamma(4,(j-3)-(i-M-1)+1)...
+gamma(4,(i-M-1)+(-3)+1));
else
A(1,))=(1/2)*(eta(1,(i-M-1)+(G-3)+1))...
-(lambda/(2*(i-M-1)))*(2*gamma(4,(j-3)-(i-M-1)+1)...
+gamma(4,(i-M-1)+(-3)+1));
end
end
else
if i==1
sum1=0; sum2=0; sum3=0;
for k=1:M
if k-(j-M-3)>0
suml=suml+(1/k)*(gamma(4,k-(j-M-3)+1)-gamma(4,(j-M-3)+k+1));
elseif k-(j-M-3)<0
sum2=sum2+(1/k)*(gamma(4,(j-M-3)-k+1)-gamma(4,(j-M-3)+k+1));
else
sum3=sum3-+(1/k)*(2*gamma(4,(j-M-3)-k+1)...
-gamma(4,(j-M-3)+k+1));
end
end
A(1,))=(1/2)*(eta(1,(j-M-3)+1))-(lambda/2)*(sum1+sum2+sum3);
elseif i==(2*M+2)
sum1=0; sum2=0; sum3=0;
for k=1:M
if k-(j-M-3)>0
suml=suml1-+((1-((-1)"k))/k)*(gamma(4,k-(j-M-3)+1)...
-gamma(4,(j-M-3)+k+1));
elseif k-(j-M-3)<0
sum2=sum2+((1-((-1)"k))/k)*(gamma(4,(j-M-3)-k+1)...
-gamma(4,(j-M-3)+k+1));
else
sum3=sum3-+((1-((-1)"k))/k)*(2*gamma(4,(j-M-3)-k+1)...
-gamma(4,(j-M-3)+k+1));

end
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end

A(i,j)=(lambda/2)*(sum1+sum2+sum3);

elseif i==(2*M+3)

A(1,))=(1/2)*(delta(4,(j-M-3)+1));

elseif i>=2 &i<=M+1

else

end
end
end

end

if rank(A)~=2*M+3

break

end

if (i-1)-(G-M-3)>0
A(i,))=(1/2)*(-eta(1,(i-1)-(-M-3)+1)+eta(1,(i-1)+(-M-3)+1))...
+(lambda/(2*(i-1)))*(gamma(4,(i-1)-(G-M-3)+1)...
-gamma(4,(i-1)+(j-M-3)+1));
elseif (i-1)-(j-M-3)<0
A(i,))=(1/2)*(eta(1,(j-M-3)-(i-1)+1)+eta(1,(i-1)+(-M-3)+1))...
+(lambda/(2*(i-1)))*(gamma(4,(j-M-3)-(i-1)+1)...
-gamma(4,(i-1)+(j-M-3)+1));
else
A(1,))=(1/2)*(eta(1,(i-1)+(-M-3)+1))...
+(lambda/(2*(i-1)))*(2*gamma(4,(j-M-3)-(i-1)+1)...
-gamma(4,(i-1)+(j-M-3)+1));

end

if (i-M-1)-(j-M-3)>0
A(1,))=(1/2)*(zeta(1,(i-M-1)-(j-M-3)+1)-zeta(1,(i-M-1)+(-M-3)+1))...
-(lambda/(2*(i-M-1)))*(-delta(4,(i-M-1)-(j-M-3)+1)...
+delta(4,(i-M-1)+(j-M-3)+1));
elseif (i-M-1)-(j-M-3)<0
A(1,))=(1/2)*(zeta(1,(j-M-3)-(i-M-1)+1)-zeta(1,(i-M-1)+(-M-3)+1))...
-(lambda/(2*(i-M-1)))*(delta(4,(j-M-3)-(i-M-1)+1)...
+delta(4,(i-M-1)+(j-M-3)+1));
else
A(1,))=(1/2)*(2*zeta(1,(j-M-3)-(i-M-1)+1)-zeta(1,(i-M-1)+(j-M-3)+1))...
-(lambda/(2*(i-M-1)))*(delta(4,(i-M-1)+(-M-3)+1));

end
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X=A\R;
for k=1:(M+3)
P(k)=P(k)+X(k,1);
end
for k=1:M
QUR=QUHX (k+HM+3),1);
end
end
end
phi=0:0.1:2*pi; sum1=0; sum2=0;
for j=0:M
if j==
suml=sum1+0.5*P(3)*sin(phi); sum2=sum2-+(0.5)*P(3)*sin(phi);
else
suml=suml1-+(-0.5)*Q(j)*cos((j+1)*phi)+0.5*P(j+3)*sin((j+1)*phi);
sum2=sum2-+(0.5)*Q(j)*cos((j-1)*phi)-0.5*P(j+3)*sin((j-1)*phi);
end
end
e=P(1)*cos(phi)+P(2); r=-P(1)*(suml+sum?2);
tspan=[-20 20]; yO=[(P(1)+P(2)),0]; [t,y]=ode45(@odeq,tspan,y0);
plot(y(:,1),y(:,2),'g",e,r,'’kx")
xlabel('x"); ylabel('xdot');
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